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ABSTRACT

Sound speed estimation in pulse-echo ultrasound typically involves minimizing aberrations over a fixed grid of
image points. However, the apparent positions of imaging targets depend on the speed of sound. In other words,
each image point on a fixed grid may correspond to different imaging targets as the sound speed estimate changes.
This source of nonlinearity becomes especially problematic when applying differentiable beamforming over a fixed
imaging grid to estimate the speed of sound in a layered medium. Ideally, sound speed reconstruction would be
based on a fixed set of imaging targets rather than a fixed set of image points. From a continuum mechanics
perspective, working with a fixed image grid takes a strictly Eulerian approach to sound speed estimation. A
Lagrangian approach would follow the image targets as the change in sound speed deforms the image from its
initial configuration. By using an adaptive grid of image points that follows the image targets as the sound speed
changes, we effectively account for both Eulerian and Lagrangian aspects of the problem. Simulations show
that this target-following approach reduces the nonlinearity of the inverse problem of sound speed estimation in
layered media.
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1. INTRODUCTION

The goal of sound speed estimation in medical ultrasound is to measure the sound speed of human tissue in
an accurate and spatially-resolved manner. Most sound speed estimators'™ rely on an approximate linear
relationship between the spatial distribution of slowness (reciprocal of sound speed) in the tissue and aberration
delays (or phases) between partial images at each pixel location. A path-length matrix encodes the line-integrals
over the slowness distribution corresponding to each aberration delay measurement and is used to reconstruct
the sound speed map using regularized inversion. However, there are underlying nonuniqueness issues caused by
the velocity-depth ambiguity.* Different initial sound speed guesses can affect the initial placement of imaging
targets. Even in the presence of strong regularization, sound speed estimates tend to improve focusing around
the initial placement of the imaging targets and remain biased by the initial sound speed guess. In this work, we
explicitly demonstrate the underlying nonlinearity of the sound speed estimation process caused by the velocity
depth ambiguity over a fixed imaging grid.

Recent work on differentiable beamforming® % makes the nonlinearity of sound speed estimation more ex-
plicit. Typically, the estimation of the aberration delay is done separately from the regularized inversion of the
path-length matrix. However, in a differentiable beamforming setup, there is no separate measurement of the
aberration delays. Instead, an objective function is defined using the differences between the partial images.
The gradient of this objective function directly backprojects errors between these partial images along the cor-
responding ray paths, and a gradient-descent algorithm is used to converge to the final sound speed estimate,
while minimizing aberrations in the image. In our previous work,® we noted the tendency of the differentiable
beamformer to resist changes to the sound speed map that would require imaging targets to move from their
initial placements in the image. Bulk and layer-wise sound speed changes require imaging targets to move from
their initial locations, while laterally varying sound speed changes tend to improve focusing at current image
placements. In order to isolate the nature of this problem, this work applies differentiable beamforming to a
layered medium model in which sound speed only varies with depth.
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An important application of layer-wise sound speed estimation is fat-fraction quantification for fatty liver
disease.”® Prior work has used coherence maximization to estimate the optimal beamforming sound speed as
a function of depth.” In layered media, we can invert the closed-form relationship between the local sound
speed and the optimal beamforming sound speed to reconstruct the local sound speed profile as a function of
depth. However, we typically maximize coherence over a fixed set of image points, which may correspond to
different imaging targets as we vary the beamforming speed of sound. Recent work demonstrates the importance
of maximizing the coherence over a fixed set of imaging targets rather than a fixed set of image locations.!?
Over the axial dimension of the image, tracking a fixed set of image targets corresponds to equal spacing in time
rather than depth.!! In general, the image grid should deform both laterally and axially as the sound speed
changes. We examine how 1D and 2D deformations of the imaging grid impact the nonlinearity of sound speed
estimation. From a continuum mechanics perspective, the adaptive imaging grid induces both Eulerian (i.e.,
fixed-grid) and Lagrangian (i.e., target-following) terms in a differentiable beamformer. The purpose of this
work is to demonstrate a generalized substantive derivative formulation (i.e., with both Eulerian and Lagrangian
terms) of sound speed estimation that mitigates the nonlinearity of the inverse problem.

2. BACKGROUND
2.1 Differentiable Delay-and-Sum Beamforming
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Figure 1. Differentiable Beamforming for Sound Speed Estimation in Layered Media. (a) Layer-wise sound speed model
used to calculate beamforming delays. (b) Assumed straight ray paths through layered medium model used to calculate
two-way transmit-receive delays.

The differentiable beamforming model® ® requires a multistatic synthetic aperture dataset py,, (t) indexed by
single-element transmit m and receiver n as a function of time t. For an N-element array, let 7, refer to the
time delay from element [ to an image point Z}™. We assume a layered medium model (Figure 1(a)) in which
the sound speed ¢(z) varies as a function of depth z, which we vectorize as ¢. As per Figure 1(b), we can focus
the full matrix of transmit and receive signals at each image point Fi™ by applying focusing delays:

pmn(f}'cm§a :ﬁmn(ka(a +Tnk(€))7 (1)

Summation over receivers yields complex-valued images for each single-element transmit:
xk 76) men xk aa (2)

2.2 Coherence Maximization

To estimate the layer-wise sound speed ¢ we maximize the coherence factor (CF):!2

’Zm 1 xk; 76)‘

F(e) =
NZm 1‘1 xk 75)|

Proc. of SPIE Vol. 13931 1393108-2



The layered medium model, differentiable beamformer, and CF as an objective function were implemented using
the automatic differentiation software known as JAX.'® The conjugate gradient algorithm (50 iterations total)
was used to maximize C'F(¢) based on gradients calculated by JAX.

2.3 Target-Following Image Grid: 1D Axial Correction
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Figure 2. Impact of Fixed vs Adaptive Depth Grid on Sound Speed Estimation in Layered Media. The top row of plots
shows slanting contours in the coherence factor as function of fixed depth and focusing sound speed, resulting in high
variance in the focusing and local layer-wise estimates of the speed of sound. The bottom row of plots eliminates this
slanting effect by using an adaptive depth grid, which reduces the variance in the focusing and local layer-wise estimates
of the speed of sound.

On a fixed uniform image grid, image points are placed uniformly in depth according to zp = zg + kAz.
However, as we change ¢, an image target initially placed at a depth zp may appear deeper or shallower. Ideally,
the value of z; would change with ¢ such that it always corresponds to the same image target. This adaptive
depth grid would be equally spaced in time rather than depth according to zx = 2o + 2221 cpAt. Figure 2
demonstrates the impact of this adaptive grid!? on layer-wise sound speed estimation.” CF as a function of
depth and sound speed appears to follow slanted contours. These slanted contours become flat in the adaptive
depth grid, reducing the error in the focusing sound speed and the resulting layer-wise reconstruction.'’ The goal
of this work is to understand how the same adaptive imaging grid will impact layer-wise sound speed estimation
using a differentiable beamformer.

2.3.1 Estimating Local Layer-wise Sound Speed from the Depth-wise Focusing Sound Speed

One detail that may not be readily obvious is the inversion of the local layer-wise sound speed from the optimal
focusing sound speed as a function of depth. When image points were assumed to be uniformly spaced in depth,
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the inversion from the optimal focusing sound speed cfo.(2) to the local layer-wise sound speed c(2)? is:

% - d% (Cfoj(2)> @

Because the adaptive depth grid is uniformly spaced in time, it may be tempting to apply the following approach!'*
as a function of the two-way time 7:

olr) = & (regoelr)) 6

Both equations (4) and (5) assume that sound travels on straight ray paths, neglecting refraction. However,
Dix inversion'® explicitly accounts for refraction in a layered medium. In the Dix inversion model, the focusing
sound speed cyoc(T) becomes the root-mean-square (RMS) of the local layer-wise sound speed ¢(7) as a function
of 7, resulting in the following inversion formula (see simplified proof based on Snell’s Law!!):

olr) =\ o (72, (7)) (6)

In Figure 2, equation (4) was used to reconstruct the local sound speed on the fixed depth grid while equation
(6) was used to reconstruct the local sound speed on the adaptive depth grid. The main purpose of Figure 2 is to
demonstrate the impact of the 1D adaptive imaging grid on previous methodologies.”'! However, this work is
primarily concerned with direct layer-wise sound speed estimation in a differentiable beamformer. Differentiable
beamforming does not use a depth-wise focusing sound speed to reconstruct a layer-wise sound speed; instead,
differentiable beamforming directly reconstructs the layer-wise sound speed by maximizing CF everywhere in
the image.

2.4 Full 2D Target-Tracking Image Grid: Eulerian vs Lagrangian Contributions

The gradient calculation in a differentiable beamformer involves taking partial derivatives of the images I,,,(x, z; ¢)
with respect to &% Over a fixed 2D grid of image points (z, z), the gradient is simply 8[(8%5) However, if the
2D image grid (z, z) changes with sound speed ¢, the gradient calculation will involve the full material derivative

%ﬁ:z@, which includes both Eulerian and Lagrangian terms:

DIy (x,2;¢) Ol (x,2;C) N Ol (z,z;C) Oz n Ol (z,z;C) 0z

Dé oc Ox oc 0z oc @

The Eulerian term al’"g%@ only considers the partial derivative with respect to ¢, while keeping the image grid
(x,z) constant. The remaining Lagrangian terms involve the spatial derivatives of the image as the image grid
(x,z) changes with ¢ In the axial dimension of the image, the closed-form relationshipe between depth and
sound speed (zr = zo + Zszl cnAt) determines g—;. In general, the 2D shift in the image point (g—gg, g—g) for a
given sound speed change Ac is determined by fitting the beamforming delays 7 at the new sound speed ¢+ Ac
to the original beamforming delays at the initial sound speed &9

1
(Az, Az) = argmin o |[7(z + Az, 2 + Az, @+ A?) — 7(x, 2, A3 (8)
(Az,Az)

3. METHODS
3.1 Evaluating the Nonlinearity of the Inverse Problem

A crucial step in the conjugate gradient algorithm is deciding the step size at each iteration (i.e., how far to
move along a given direction). The step size that maximizes the objective function along a given direction is
determined by a line search, which evaluates the objective function at multiple points along that direction. To
avoid these multiple evaluations, we can maximize a quadratic model based on the gradient and Hessian at the
point of evaluation. The deviation between the true objective function and its quadratic approximation is a
strong indicator of the nonlinearity of the inverse problem. Therefore, we measure the ratio of the step size
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calculated via line search (in our case, golden-section search) to the approximate step size calculated based on
a locally quadratic model. Our prior work® notes that when image targets are required to change their depth
locations on a fixed grid, the quadratic approximation often results in extremely conservative step sizes (i.e.,
large step-size ratios). This work shows that an adaptive image grid reduces the discrepancy between step sizes
obtained by a true line search and a quadratic approximation (i.e., step size ratio closer to 1).

3.2 Imaging Studies: Simulation and Experiment

The k-Wave'S simulations used in prior work? are reused here to assess sound speed estimation in layered media
using a differentiable beamformer with different choices of imaging grid (e.g., fixed, 1D adaptive, 2D adaptive).
Figure 2 shows one of three simulations used, where first 15 mm depth into the medium has a sound speed of
1480 m/s, and the remainder of the medium can be 1520, 1540, or 1570 m/s sound speed (1570 m/s shown).
Publicly available experimental phantom data,'” consisting of a slab of chicken was placed on top of an ATS
Model 549 phantom (1460 m/s), is shown to verify the findings made from the simulations. In all imaging cases
(simulation and experiment), an initial uniform sound speed estimate of 1540 m/s is used.

4. RESULTS AND DISCUSSION
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Figure 3. Impact of Adaptive Target-Following Grids on Sound Speed Estimation in Simulations of Layered Media. As
we move from a fixed to a 1D and a 2D adaptive grid, the step size ratio becomes increasingly closer to 1. Across all
three simulations, the layer-wise sound speed estimates are with 10 m/s RMS error from the ground truth. Each sound
speed estimate shown is based on the 2D adaptive grid.

Across all three k-Wave simulations (Figure 3), there is a significant decrease in the step-size ratio as we
move from a fixed grid to 1D and 2D adaptive grids. In all three cases, the step-size ratio is greater than 1000
for a fixed grid, less than 100 for a 1D adaptive grid, and between 3 and 3.5 for a 2D adaptive grid. As we
increasingly adapt the grid to the expected shifts in the imaging targets, we obtain step size ratios increasingly
closer to 1, thereby mitigating the nonlinearity of the inverse problem. In all three cases, the layer-wise sound
speed is accurately reconstructed to within 10 m/s root-mean-square error.

In-vitro phantom experiments (Figure 4) show that differentiable beamforming accurately reconstructs the
sound speed inside the ATS Model 549 phantom ( 1460 m/s) and the slab of chicken breast immediately above it
(1580-1600 m/s) while correcting the aberrations in the B-mode image. The step size ratio for the first gradient
descent step is 9897.2 for a fixed grid, 91.7 for a 1D adaptive grid, and 4.2 for a 2D adaptive grid. The phantom
experiment confirms that the step size ratio decreases towards a value of 1 as the choice of imaging grid better
follows the imaging targets as the sound speed estimate changes.
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Figure 4. Impact of Adaptive Target-Following Grids on Layer-Wise Sound Speed Estimation in a Two-Layer Sound
Speed Phantom Experiment. A slab of chicken breast (1580-1600 m/s) was placed on top of ATS Model 549 phantom
(1460 m/s). As we move from a fixed to a 1D and a 2D adaptive grid, the step size ratio becomes increasingly closer to 1.
Before aberration correction, the B-mode image (left) is shown based on a beamforming sound speed of 1540 m/s. The
sound speed estimate shown (right), based on the 2D adaptive grid, results in the aberration correction shown (middle).

This work ultimately highlights an important consideration in the design of differentiable beamformers for
sound speed estimation and aberration correction. A fixed imaging grid causes imaging targets to become cycle-
locked to their initial placements in the image. This cycle-locking effect causes locally quadratic models of the
objective function to deviate significantly from the true objective function. From the results shown, the step size
estimated from a locally quadratic model under a fixed imaging grid can be 1000-10000 times larger than the
step size estimated from a numerically exact line search. This cycle locking effect resists changes in the layer-wise
sound speed model when relying on locally quadratic models for the step size calculation.

However, an adaptive grid that follows the target reduces the discrepancy between these locally quadratic
models and the objective function. A 1D adaptive grid roughly follows the depth placement of the imaging
targets while neglecting any lateral displacements, resulting in a step size ratio ranging from 40-100, a significant
improvement from 1000-10000 on a fixed grid. A fully 2D adaptive grid that aims to track both lateral and
axial displacement in the image reduces the step size ratio to below 5, making efficient use of the Hessian-based
step size calculation. Several previous works® %% 17 evaluate aberrations over a fixed set of image points (i.e., an
Eulerian perspective), even though the changing sound speed estimate causes targets to shift in the image. These
results strongly imply that sound speed estimation and aberration correction should be target-centric rather than
image point-centric, highlighting the importance of a Lagrangian target-tracking approach that overcomes the
cycle-locking effect that resists sound speed changes in a fixed Eulerian frame of reference.

The Lagrangian terms in this new differentiable beamformer are currently dictated by the mapping between
the sound speed change and the expected shift in the imaging target (such as in Equation (8)). Note that there
is no unique closed-form mapping between the sound speed change and the expected shifts in the image. For

example, an alternative to Equation (8) might be to find the 2D shifts (g—”cf, g—g) by minimizing the 2-norm length

of %@’Z;a; however, this approach is poorly defined for regions in the image with low echogenicity. Another
alternative might be to constrain g—‘g (or the axial shifts Az) based on the closed-form relationship between depth

and sound speed (zr = 2o + 22:1 cnAt) when calculating the lateral shifts Az in Equation (8). It may also

be possible to use deep reinforcement learning with a differentiable beamformer to learn the mapping (g—”ci, g—é)
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between the sound speed change and 2D shifts in the image by training on simulated ultrasound channel data.
Deep reinforcement learning could aim to enforce the material derivative (7) or directly minimize the step-size
ratio as part of its reward function.

5. CONCLUSIONS

We present a target-following approach to layer-wise sound speed estimation in medical pulse-echo ultrasound.
This work demonstrates accurate layer-wise sound speed estimation based on an adaptive imaging grid that
follows each image target as the sound estimate changes. Adaptive imaging grids that follow the imaging targets
are shown to greatly reduce the nonlinearity of the inverse problem of sound speed estimation in layered media.
Moving from a fixed to a 1D and a 2D adaptive grid is shown to increasingly diminish the nonlinearity of the
inverse problem of sound speed estimation in layered media. In simulations, coherence maximization with a 2D
adaptive grid reconstructs the layer-wise sound speed to within 10 m/s root-mean-square error. In a phantom
experiment, the same approach leads to sound speed estimates that minimize the aberrations in the image.
These results broadly imply that sound speed estimation with a differentiable beamformer is better grounded in
a target-centric frame of reference rather than at fixed locations in space.
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