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FORWARD & INVERSE STOLT MAPPINGS

CONCLUSIONS
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• Forward Stolt mapping from 𝒌 =
𝒇

𝒄
 to 𝒌𝒛:
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𝟐
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• Inverse Stolt mapping from 𝒌𝒛 to 𝒌 =
𝒇

𝒄
 :

• 𝒌 =
𝟏

𝟐𝒌𝒛
𝟒𝒌𝒙

𝒕𝒙 𝒌𝒙
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• Full k-space 𝐼𝑖 𝑘𝑥, 𝑘𝑧  of the image 𝐼𝑖 𝑥, 𝑧 :

መ𝐶𝑖 𝑘𝑥
𝑡𝑥, 𝑘𝑥, 𝑓 = ො𝑝𝑡𝑥 𝑖

∗ 𝑘𝑥
𝑡𝑥, 𝑓 ො𝑝𝑟𝑥 𝑖 𝑘𝑥

𝑡𝑥 + 𝑘𝑥, 𝑓

𝑰𝒊 𝒌𝒙, 𝒌𝒛 = ∞−׬

∞ ෡𝑪𝒊 𝒌𝒙
𝒕𝒙, 𝒌𝒙, 𝒇 =

𝒄

𝟐𝒌𝒛
𝟒𝒌𝒙

𝒕𝒙 𝒌𝒙
𝒕𝒙 + 𝒌𝒙 𝒌𝒙

𝟐 + 𝒌𝒛
𝟐 + 𝒌𝒙

𝟐 + 𝒌𝒛
𝟐 𝟐

𝟏

𝟐
𝒅𝒌𝒙

𝒕𝒙 

• TX & RX Wavefields: 𝑝𝑡𝑥 𝑖 𝑥, 𝑧, 𝑡  and 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑡  

• Calculated using Angular Spectrum Method

• Correlation of TX & RX Wavefields (Figure 3):

𝐼𝑖 𝑥, 𝑧 = න
0

∞

𝑝𝑡𝑥 𝑖
∗ 𝑥, 𝑧, 𝑡 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑡  𝑑𝑡

𝐼𝑖 𝑥, 𝑧 = න
0

∞

𝑝𝑡𝑥 𝑖
∗ 𝑥, 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑓  𝑑𝑓

• B-Mode Image: 𝐼𝐵𝑀 𝑥, 𝑧 = 20 log10 σ𝑖=1
𝑁𝑡𝑥 𝐼𝑖 𝑥, 𝑧

K-SPACE REPRESENTATION OF RTM

Figure 4. Visual comparison of RTM-based Stolt mapping to DAS beamforming, the 

previous Fourier beamformers3-5, and REFoCUS6 followed by the full multistatic Stolt 

mapping3 after recovering the full multistatic full-matrix capture (FMC) dataset. 

DEMONSTRATION IN FIELD II SIMULATIONS8

REVERSE-TIME MIGRATION (RTM)

• Downward propagation (in 𝑧) of TX wavefield:

• 𝑝𝑡𝑥 𝑖 𝑘𝑥, 𝑧, 𝑓 = ො𝑝𝑡𝑥 𝑖 𝑘𝑥 , 𝑓 𝑒−𝑗2𝜋 𝑘2−𝑘𝑥
2 1/2

𝑧

• ො𝑝𝑡𝑥 𝑖 𝑘𝑥, 𝑓 ≔ 𝑝𝑡𝑥 𝑖 𝑘𝑥, 𝑧 = 0, 𝑓

• ො𝑝𝑡𝑥 𝑖 𝑥, 𝑓 = 𝐴𝑖 𝑥 𝑃 𝑓 𝑒−𝑗2𝜋𝑓𝜏𝑖 𝑥

• Before taking FFT in lateral dimension 𝑥
• TX pulse spectrum 𝑃(𝑓)
• TX focal delays 𝜏𝑖(𝑥)
• TX apodization 𝐴𝑖(𝑥)

• Downward propagation (in 𝑧) of RX wavefield:

• 𝑝𝑟𝑥 𝑖 𝑘𝑥, 𝑧, 𝑓 = ො𝑝𝑟𝑥 𝑖 𝑘𝑥, 𝑓 𝑒+𝑗2𝜋 𝑘2−𝑘𝑥
2 1/2

𝑧

• ො𝑝𝑟𝑥 𝑖 𝑘𝑥, 𝑓 ≔ 𝑝𝑟𝑥 𝑖 𝑘𝑥, 𝑧 = 0, 𝑓

• Raw RX channel data ො𝑝𝑟𝑥 𝑖 𝑥, 𝑡

• FFT across lateral dimension 𝑥 and time 𝑡

Figure 3. Reverse-Time Migration by Time-Domain Correlation of 

Transmit Beam Wavefield and Backpropagated Receive Wavefield7 

ANGULAR SPECTRUM METHOD

• Inverse Fourier transforms (on TX/RX):

𝑝𝑡𝑥 𝑖 𝑥, 𝑧, 𝑓 = න
−∞

∞

𝑝𝑡𝑥 𝑖 𝑘𝑥
𝑡𝑥 , 𝑧, 𝑓 𝑒+𝑗2𝜋𝑘𝑥

𝑡𝑥𝑥𝑑𝑘𝑥
𝑡𝑥

𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑓 = න
−∞

∞

𝑝𝑟𝑥 𝑖 𝑘𝑥
𝑟𝑥, 𝑧, 𝑓 𝑒+𝑗2𝜋𝑘𝑥

𝑟𝑥𝑥𝑑𝑘𝑥
𝑟𝑥

• Body of integral for frequency-domain RTM:

𝑝𝑡𝑥 𝑖
∗ 𝑥, 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑓 =

න
−∞

∞

න
−∞

∞

𝑝𝑡𝑥 𝑖
∗ 𝑘𝑥

𝑡𝑥 , 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑘𝑥
𝑟𝑥, 𝑧, 𝑓 𝑒+𝑗2𝜋 𝑘𝑥

𝑟𝑥−𝑘𝑥
𝑡𝑥 𝑥𝑑𝑘𝑥

𝑟𝑥𝑑𝑘𝑥
𝑡𝑥

• If we substitute 𝑘𝑥
𝑟𝑥 = 𝑘𝑥

𝑡𝑥 + 𝑘𝑥:

𝑝𝑡𝑥 𝑖
∗ 𝑥, 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑓 = න

−∞

∞

𝐶𝑖(𝑘𝑥 , 𝑧, 𝑓)𝑒+𝑗2𝜋𝑘𝑥𝑥𝑑𝑘𝑥

𝐶𝑖 𝑘𝑥 , 𝑧, 𝑓 = න
−∞

∞

𝑝𝑡𝑥 𝑖
∗ 𝑘𝑥

𝑡𝑥 , 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑘𝑥
𝑡𝑥 + 𝑘𝑥 , 𝑧, 𝑓 𝑑𝑘𝑥

𝑡𝑥

• Insert relations from the angular spectrum method:

𝐶𝑖 𝑘𝑥, 𝑧, 𝑓

= න
−∞

∞

Ƹ𝑝𝑡𝑥 𝑖
∗ 𝑘𝑥

𝑡𝑥, 𝑓  Ƹ𝑝𝑟𝑥 𝑖 𝑘𝑥
𝑡𝑥 + 𝑘𝑥, 𝑓  𝐻 𝑘𝑥, 𝑧, 𝑘𝑥

𝑡𝑥, 𝑓  𝑑𝑘𝑥
𝑡𝑥

𝐻 𝑘𝑥 , 𝑧, 𝑘𝑥
𝑡𝑥, 𝑓 = 𝑒

+𝑗2𝜋 𝑘2− 𝑘𝑥
𝑡𝑥 2 1/2

+ 𝑘2− 𝑘𝑥
𝑡𝑥+𝑘𝑥

2 1/2
𝑧

𝑯 𝒌𝒙, 𝒌𝒛, 𝒌𝒙
𝒕𝒙, 𝒇 = 𝜹(𝒌𝒛 − 𝒌𝟐 − 𝒌𝒙

𝒕𝒙 𝟐
𝟏
𝟐 − 𝒌𝟐 − 𝒌𝒙

𝒕𝒙 + 𝒌𝒙
𝟐

𝟏
𝟐)

𝑪𝒊 𝒌𝒙, 𝒌𝒛, 𝒇 = න
−∞

∞

ෝ𝒑𝒕𝒙 𝒊
∗ 𝒌𝒙

𝒕𝒙, 𝒇  ෝ𝒑𝒓𝒙 𝒊 𝒌𝒙
𝒕𝒙 + 𝒌𝒙, 𝒇  𝑯 𝒌𝒙, 𝒌𝒛, 𝒌𝒙

𝒕𝒙, 𝒇  𝒅𝒌𝒙
𝒕𝒙

• K-space 𝐼𝑖 𝑘𝑥, 𝑘𝑧  of the image 𝐼𝑖 𝑥, 𝑧 :

𝐼𝑖 𝑥, 𝑧 = න
0

∞

𝑝𝑡𝑥 𝑖
∗ 𝑥, 𝑧, 𝑓 𝑝𝑟𝑥 𝑖 𝑥, 𝑧, 𝑓  𝑑𝑓

= න
0

∞

න
−∞

∞

𝐶𝑖(𝑘𝑥 , 𝑧, 𝑓)𝑒+𝑗2𝜋𝑘𝑥𝑥𝑑𝑘𝑥 𝑑𝑓

𝐼𝑖 𝑥, 𝑧 = න
0

∞

න
−∞

∞

න
−∞

∞

𝐶𝑖(𝑘𝑥 , 𝑘𝑧 , 𝑓)𝑒+𝑗2𝜋𝑘𝑥𝑥 𝑒+𝑗2𝜋𝑘𝑧𝑧 𝑑𝑘𝑥𝑑𝑘𝑧 𝑑𝑓

𝑰𝒊 𝒌𝒙, 𝒌𝒛 = න
𝟎

∞

𝑪𝒊(𝒌𝒙, 𝒌𝒛, 𝒇) 𝒅𝒇

FOURIER BEAMFORMING

• Monostatic Synthetic Aperture1:

• Exploding Reflector Model (ERM) 

• 𝑠(𝑡, 𝑥) vs time 𝑡 & TX/RX location 𝑥

• F2𝐷 𝑠 𝑡, 𝑥 = 𝑆 𝑓, 𝑘𝑥 → 𝐼(𝑘𝑥, 𝑘𝑧) 

• via Stolt mapping 𝑓 =
𝑐

2
𝑘𝑥

2 + 𝑘𝑧
2

• Garcia’s Plane-Wave Method2:

• Modifies ERM parameters to make 

plane-wave delays agree to 2nd order

• Multstatic Synthetic Aperture3,5:

• Record signal 𝑠(𝑡, 𝑢, 𝑣) vs time 𝑡 

• RX at 𝑥 = 𝑢 — TX at 𝑥 = 𝑣
• F2𝐷 𝑠 𝑡, 𝑢, 𝑣 = 𝑆 𝑓, 𝑘𝑢, 𝑘𝑣 → 𝐼 𝑘𝑥, 𝑘𝑧  

• 𝑘𝑥 = 𝑘𝑢 + 𝑘𝑣

• 𝑘𝑧 =
𝑓

𝑐

2
− 𝑘𝑢

2 +
𝑓

𝑐

2
− 𝑘𝑣

2

• Lu’s Plane-Wave Method4:

• At angle 𝜃:  𝑘𝑣 =
𝑓

𝑐
sin 𝜃

• 𝑘𝑢 = 𝑘𝑥 −
𝑓

𝑐
sin 𝜃

• 𝑓 =
𝑐 𝑘𝑥

2+𝑘𝑧
2

2𝑘𝑧 cos 𝜃+2𝑘𝑥 sin 𝜃

• F2𝐷 𝑠𝜃 𝑡, 𝑢 = 𝑆𝜃 𝑓, 𝑘𝑢 → 𝐼 𝑘𝑥, 𝑘𝑧

WHY FOURIER BEAMFORMING?

• Pulse-echo ultrasound typically uses delay-and-sum (DAS) 

beamforming to coherently focus/image reflected signals

• Fourier beamforming accelerates image reconstruction by taking 

advantage of well-known Stolt mappings in k-space (Figure 1)

• Multistatic-FMC3, Plane-Wave4, Focused-Transmit FMC5

cheng and l u: devel opment of a high-r at e imaging t heor y 887

boundaries in (kx , kz ) can be found by set t ing kx = k or

kx = − k in (36):

(kx − kx T
)
2
− k 2

z = k2
x T

, if kx = k or kx = − k,

(38)

which is a hyperbolic funct ion with its center shifted to

(kx T
, 0). The hyperbolic funct ion has two branches that

intersect with kx axis at two points, i.e., at kx = 0 and

kx = 2kx T
, respect ively. Another boundary can be found

by set t ing kx T
= k or kx T

= − k in (36), which gives a

half circle centered at (kx T
, 0) with a radius of |kx T

| that

interceptswith thehyperbolic curvesat (0, 0) and (0, 2kx T
)

respect ively:

(kx − kx T
)
2

+ k 2
z = k2

x T
, if kx T

= k or kx T
= − k.

(39)

If the imaging system is band limited (i.e., kmin ≤ k ≤

kmax ), from (36) another two circular boundaries can be

obtained:

(kx − kx T
)
2

+ kz − k2
min − k2

x T

2

= k2
min ,

if k = kmin ≥ kx T
, (40)

and

(kx − kx T
)
2

+ kz − k2
max − k2

x T

2

= k2
max ,

if k = kmax ≥ kx T
, (41)

which further limit the sizeof the mapping area in (kx , kz ).

As kx T
increases, low-frequency components cannot be

transmit ted to illuminate objects, which could lower the

energy efficiency. Outside of the boundaries, values at

(kx , kz ) are simply set to 0 [Fig. 2(a) and (b)]. The map-

ping can be done with bilinear interpolat ion. To increase

the interpolat ion accuracy, data in the Fourier domain of

echoes can be densified by zero padding as long as the

original data are not aliased.

For limited-diffract ion array beam transmissions, both

sine and cosine weight ings are applied; thus the echoes

need to be combined using a 2-D version of (30)–(33) to

get two new sets of echoes before the mapping process

above. The combinat ion could be done in either echo or

echo Fourier domain. Images can be reconstructed from

the mapped data [see the text below (33)].

B. Image Reconstruction with Steered Plane Waves

Images also can be reconstructed with steered plane

waves. To steer a plane wave, linear t ime delays are ap-

plied to t ransducer elements:

τ (x1) = − x1 sin ζT / c, (42)

where x1 ∈ (−D/ 2, D / 2) is the posit ion of the center of

an element of an array transducer, D is the size of the

transducer aperture, and ζT is the steering angle that is

Fig. 2. M apping between the Four ier t ransform of echo signals (a)

and (c) and t he Four ier t ransform of an object funct ion (b) and (d),

for l imited-diffract ion array beam (a) and (b) and steered plane wave

(c) and (d) t ransmissions. (Not ice that (b) and (d) are similar to the

Ewald sphere [81]. However, the data acquisit ion techniques and thus

the Four ier domain coverage in [81] are different from those in the

current paper.) Note that θ in this figure is ζT in (44).

fixed for each transmission. To make the system causal,

an addit ional constant delay may be added to the delay

funct ion (42).

Assuming kx T
= k sin ζT , from (36) or a 2-D case of

(34), one obtains an inverse funct ion:

kx = kx − k sin ζT

k =
k 2

z + k 2
x

2kz cosζT + 2kx sin ζT

. (43)

To exclude evanescent waves, the condit ion for steered

plane waves is |kx | ≤ k (not ice that k ≥ 0 and |ζT | < π/ 2).

With this condit ion, one set of boundaries in (kx , kz ) can

be determined by set t ing kx = k and kx = − k, respec-

t ively, in (36):

kz = cos ζT

sin ζT + 1
kx , if kx = k

kz = cosζT

sin ζT − 1
kx , if kx = − k

. (44)

If the imaging system is band limited (i.e., kmin ≤ k ≤

kmax ), another two boundaries can be added using (36)

and kx T
= k sin ζT :

(kx − kmin sin ζT )
2

+ (kz − kmin cosζT )
2

= k2
min ,

if kx = kmin

(kx − kmax sin ζT )
2

+ (kz − kmax cosζT )
2

= k2
max ,

if kx = kmax

.

(45)

Outside of the boundaries, values at (kx , kz ) are sim-

ply set to 0 [see Fig. 2(c) and (d)]. Similar to the limited-

diffract ion array beam case, the mapping can be done with

Authorized licensed use limited to: UNIVERSITY OF ROCHESTER. Downloaded on April 21,2022 at 17:17:39 UTC from IEEE Xplore.  Restrictions apply.  

M
u

lt
is

ta
ti

c

F
u

ll
-M

a
tr

ix
 C

a
p

tu
re

L
u

’s
 P

la
n

e
-W

a
v

e
 

M
e

th
o

d

Figure 1. Stolt’s mapping in k-space for multistatic synthetic 

aperture (i.e., full-matrix capture)3 and plane-wave imaging4 

Figure 2. Lu4 and Garcia2 Fourier Beamformers vs DAS
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