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ABSTRACT

The goal of Fourier beamforming is to reconstruct ultrasound images more quickly than delay-and-sum beam-
forming by leveraging the underlying mapping from the frequency-domain representation of the channel data to
the k-space representation of the image. However, a current drawback of Fourier beamforming is its inability
to generalize well to different imaging sequences. Stolt mappings have been derived for very specific imaging
sequences, such as plane-wave and multistatic synthetic aperture. This work presents a generalized Stolt map-
ping based on reverse-time migration that can be applied to any imaging sequence. In Field II simulations
of plane-wave and focused transmits, we observe that the proposed technique is comparable to REFoCUS and
produces up to a 20% improvement in point target resolution compared to existing Fourier beamformers and
DAS beamforming due its ability image edge waves.
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1. INTRODUCTION

The goal of the Fourier beamformer is to reconstruct the ultrasound image more quickly than a delay-and-sum
beamformer by leveraging underlying Stolt mappings from the frequency-domain representation of the recorded
channel data to the k-space (i.e., wavenumber space) representation of the image. Early work applies Fourier
beamforming to plane-wave imaging1,2 and multistatic synthetic aperture (i.e., full-matrix capture—FMC),3,4

each with its own set of Stolt mappings. Recent work extended the Stolt’s mapping used for the multistatic setup4

to a focused-transmit scenario5 with the caveat that the focal depth must be the same for all transmit beams,
and each transmit focus must be directly underneath a corresponding transducer element. Many conventional
focused-transmit sequences fall outside this limited use case. Because different imaging sequences require different
Stolt mappings,1,5 and in many cases, a closed-form Stolt mapping may not be known, Fourier beamforming is
often restricted to a limited set of use cases.

Fourier beamforming currently lacks a unifying framework that applies to all transmit sequences. Retro-
spective encoding for conventional ultrasound sequences (REFoCUS) [5]6,7 could be applied to any transmit
sequence to recover multistatic data, which has a known Stolt mapping;4 however, if the imaging sequence has
far fewer transmit events than number of elements (e.g., 15 plane waves from a 128-element array), conversion
to multistatic data will increase computational cost. A generalized Fourier beamformer should be applicable to
any transmit sequence without first converting to a multistatic representation. Because reverse-time migration
(RTM) generalizes to all transmit sequences without requiring an intermediate multistatic representation,8 we
present a generalized Stolt mapping based on a k-space representation of RTM.
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2. BACKGROUND AND THEORY

2.1 Reverse-Time Migration: Cross-Correlation of Transmit and Receive Wavefields

Pulse-echo ultrasound images can be created by propagating transmit and receive wavefields ptx(i)(x, z, t) and
prx(i)(x, z, t) based on the transmit sequence and receive channel data collected from each transmit event i =
1, ..., Ntx. Partial images Ii(x, z) prior to amplitude detection can be formed by the following cross-correlation:

Ii(x, z) =

∫ ∞

0

p∗tx(i)(x, z, t)prx(i)(x, z, t)dt =

∫ ∞

0

p∗tx(i)(x, z, f)prx(i)(x, z, f)df. (1)

2.2 Calculating Transmit and Receive Wavefields via the Angular Spectrum Method

The frequency-domain transmit ptx(i)(x, z, f) and receive prx(i)(x, z, f) wavefields are calculated according to

ptx(i)(kx, z, f) = p̂tx(i)(kx, f)e
−j2π(k2−k2

x)
1/2z, (2)

prx(i)(kx, z, f) = p̂rx(i)(kx, f)e
+j2π(k2−k2

x)
1/2z. (3)

where kx is the Fourier-transform-coordinate or wavenumber-space dual corresponding to lateral coordinate x,
p̂tx(i)(kx, f) = ptx(i)(kx, z = 0, f) and p̂rx(i)(kx, f) = prx(i)(kx, z = 0, f) represent the frequency spectra of the

transmit pulse and receive channel data from each element on the array (located at z = 0), and k = f
c for sound

speed c and frequency f . Knowledge of the transmit pulse spectrum P (f), transmit focal delays τi(x), and
transmit apodization Ai(x) for each transmit event i is used to form p̂tx(i)(x, f):

8

p̂tx(i)(x, f) = Ai(x)P (f)e−j2πfτi(x). (4)

2.3 Deriving the K-Space Representation of Reverse-Time Migration via Stolt Mapping

The following inverse Fourier transforms are defined on transmit and receive, respectively:

ptx(i)(x, z, f) =

∫ ∞

−∞
ptx(i)(k

tx
x , z, f)e+j2πktx

x xdktxx , (5)

prx(i)(x, z, f) =

∫ ∞

−∞
prx(i)(k

rx
x , z, f)e+j2πkrx

x xdkrxx . (6)

The body of the integral over frequency in equation (1) can then be written as:

p∗tx(i)(x, z, f)prx(i)(x, z, f) =

∫ ∞

−∞

∫ ∞

−∞
p∗tx(i)(k

tx
x , z, f)prx(i)(k

rx
x , z, f)e+j2π(krx

x −ktx
x )xdkrxx dktxx . (7)

If we substitute krxx = ktxx + kx, equation (7) can be written as

p∗tx(i)(x, z, f)prx(i)(x, z, f) =

∫ ∞

−∞
Ci(kx, z, f)e

+j2πkxxdkx, (8)

Ci(kx, z, f) =

∫ ∞

−∞
p∗tx(i)(k

tx
x , z, f)prx(i)(k

tx
x + kx, z, f)dk

tx
x , (9)

which implies the following about the k-space Ii(kx, kz) of the image Ii(x, z):

Ii(x, z) =

∫ ∞

0

p∗tx(i)(x, z, f)prx(i)(x, z, f)df =

∫ ∞

0

∫ ∞

−∞
Ci(kx, z, f)e

+j2πkxxdkxdf, (10)

Ii(x, z) =

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
Ci(kx, kz, f)e

+j2πkxxe+j2πkzzdkxdkzdf. (11)
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Ii(kx, kz) =

∫ ∞

0

Ci(kx, kz, f)e
+j2πkxxe+j2πkzzdf. (12)

Substituting equations (2) and (3) into equation (9) yields

Ci(kx, z, f) =

∫ ∞

−∞
p̂∗tx(i)(k

tx
x , f)p̂rx(i)(k

tx
x + kx, f)e

+j2π[(k2−(ktx
x )2)1/2+(k2−(ktx

x +kx)
2)1/2]zdktxx , (13)

Ci(kx, kz, f) =

∫ ∞

−∞
p̂∗tx(i)(k

tx
x , f)p̂rx(i)(k

tx
x + kx, f)δ(kz − [k2 − (ktxx )2]1/2 − [k2 − (ktxx + kx)

2]1/2)dktxx . (14)

2.4 Forward and Inverse Stolt Mapping for Reverse-Time Migration

The integration over f in equation (12) evaluates the delta function δ(·) in equation (14). Therefore, the forward
Stolt mapping from k to kz is determined by setting the argument of δ(·) to 0:

kz = (k2 − (ktxx )2)1/2 + (k2 − (ktxx + kx)
2)1/2 (15)

The inverse Stolt mapping (from k to kz) needed to calculate Ii(kx, kz) is

k =

(
4ktxx (ktxx + kx)(k

2
x + k2z) + (k2x + k2z)

2
)1/2

2kz
. (16)

Finally, the full k-space Ii(kx, kz) of the image Ii(x, z) can be calculated (recall that f = ck):

Ii(kx, kz) =

∫ ∞

−∞
Ĉi

(
ktxx , kx, f =

c

2kz

(
4ktxx (ktxx + kx)(k

2
x + k2z) + (k2x + k2z)

2
)1/2)

dktxx . (17)

Ĉi(k
tx
x , kx, f) = p̂∗tx(i)(k

tx
x , f)p̂rx(i)(k

tx
x + kx, f) (18)

3. METHODS

Field II9,10 simulations of radio-frequency channel data for multistatic synthetic aperture, plane-wave, and
walking-aperture focused transmit sequences with the same acquisition parameter described in the prior work
on RTM8 were used to compare delay-and-sum (DAS) beamforming,11 the previous Fourier beamformers,1,4, 5 a
multistatic FMC Stolt migration4 after REFoCUS,7,12 and the RTM-based Fourier beamformer proposed in this
work. For plane-wave imaging we found that Lu’s method1 generally provided better resolution and contrast
than Garcia’s method2 and became the Fourier beamformer used for comparison. For focused transmit imaging,
the modified FMC Stolt migration for fixed focal depth imaging5 became the basis for comparison. In each case,
we measure the lateral full-width at half-maximum (FWHM) point target resolution at 35 mm.

4. RESULTS AND DISCUSSION

Figure 1 compares our proposed RTM-based Stolt migration to DAS beamforming (based on virtual source
synthetic aperture11), the previous Fourier beamformers,1,4, 5 and FMC Stolt migration4 applied to multistatic
data recovered by REFoCUS.7,12 In the multistatic imaging case, REFoCUS is not used because we are already
working with multistatic data; therefore, the 2nd and 3rd column of Figure 1 are identical for the multistatic
imaging case. There is a very small improvement in the FWHM resolution from 0.27 to 0.26 to 0.25 mm when
going from the DAS beamformer to multistatic Stolt migration4 to our proposed RTM-based Stolt mapping. In
theory, the FWHM resolution of multistatic imaging should be identical for all 3 imaging methods. In the plane-
wave imaging case, the FWHM resolution improves from 0.35 to 0.34 to 0.28 to 0.27 mm with the 2nd column
corresponding to Lu’s Fourier beamformer.1 In the focused transmit case, the FWHM resolution improves from
0.46 to 0.38 to 0.35 to 0.35 mm with the 2nd column representing focused-transmit FMC Stolt migration.5 In
both the plane-wave and focused-transmit imaging cases, the improvement from the first two methods to the
last two methods can be attributed to edge waves6 produced by each set of transmits.
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E. Demonstration of Image Reconstruction Technique 
 

Field II [7][8] simulations of radio-frequency channel data for multistatic synthetic aperture, plane-wave, and walking-
aperture focused transmit sequences with the same acquisition parameter described in [6] were used to compare delay-
and-sum (DAS) beamforming [9], the previous Fourier beamformers [1]-[4], a multistatic FMC Stolt migration [3] after 
REFoCUS [5], and the RTM-based Fourier beamformer proposed in this work.  For plane-wave imaging we found that 
[1] generally provided better resolution and contrast than [2] and became the Fourier beamformer used for comparison.  
For focused transmit imaging, [4] became the basis for comparison.  In each case, we measure the lateral full-width at 
half-maximum (FWHM) point target resolution at 35 mm.  
 
 
 

        DAS Beamforming Previous Fourier Beamformer REFoCUS + Stolt RTM-Based Stolt  
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Figure 1. Visual comparison of RTM-based Stolt mapping to DAS beamforming, the previous Fourier beamformers [1]-[4], 
and REFoCUS [5] followed by the full multistatic Stolt mapping [3] after recovering the full multistatic dataset.   
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Figure 1. Comparison of RTM-based Stolt mapping to DAS beamforming, the previous Fourier beamformers,1,4,5 and
REFoCUS7,12 followed by the full multistatic Stolt mapping4 after recovering the full multistatic dataset.

These results show that both REFoCUS followed by FMC Stolt migration and the proposed RTM-based
Stolt migration generalize well across imaging sequences. Generally, the proposed RTM-based Stolt migration is
slower than simply applying REFoCUS prior to FMC Stolt migration. However, the RTM-based Stolt migration
offers the flexibility of reconstructing images from individual transmit events, which may be useful for coherence
imaging.13–15 While the relative benefits of REFoCUS followed by FMC Stolt migration and the RTM-based
approach requires further study, this work aims to connect RTM to the broader family of Fourier beamformers
and provide an open-source implementation.

A key motivation for this work was to provide an open-source repository where all the Fourier beamformers,
including the RTM-based approach proposed here, would be implemented. One of the challenges associated
with the broader adoption of these Fourier beamforming techniques was the lack of publicly available code and
the difficulties associated with connecting the underlying mathematical concepts to a practical implementation.
The prior work that made f-k Stolt migration2 open-source started the path towards a practical implementation
that was broadly accessible and well-understood. However, the implementations of several previous Fourier
beamformers1,4 had not been made public. An interesting result from the prior work2 was that Lu’s method1

better replicated DAS beamforming; despite this, Garcia’s method2 become more popular, likely due to the
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availablity of an open-source code. Therefore, the broader goal of this work is not to assert the benefits of any
specific approach but to enable a more objective comparison across Fourier beamformers while connecting the
mathematical theory to practical implementation.

5. CONCLUSIONS

We present an RTM-based Stolt mapping that generalize Fourier beamforming to any transmit sequence and pro-
vides comparable resolution and image quality to the FMC Stolt migration applied to multistatic dataset recov-
ered by REFoCUS. When compared to previous Fourier beamformers and DAS, REFoCUS and the RTM-based
Fourier beamformer appear to provide superior image resolution due to their ability to image edge waves. To
facilitate comparison of the RTM-based Fourier beamformer with the other Fourier beamformers described, open-
source implementations of each Fourier beamformer has been provided: https://github.com/rehmanali1994/
FastFourierBeamformers.
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