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ABSTRACT For ring-array ultrasound tomography, two-dimensional frequency-domain full waveform
inversion is the clinical gold standard for high-resolution imaging of the breast. While yielding
high-resolution images in the plane of the ring-array, the resulting slice-wise approach yields lower resolution
out of plane when used to reconstruct the full volume. Instead, this work proposes a fully three-dimensional
full-waveform inversion based on a multi-row ring-array transducer to improve out-of-plane resolution, while
using cylindrical-wave transmissions to minimize acquisition and reconstruction time. For each numerical
breast phantom tested, the root-mean-square error of three-dimensional full-waveform inversion is less than
that of two-dimensional slice-wise full-waveform inversion by 6.3-13.7 m/s.

INDEX TERMS  Ultrasound tomography, full waveform inversion, 3D imaging, cylindrical waves.

I. INTRODUCTION

LTRASOUND tomography (UST) uses the trans-

mission of ultrasound through tissue to reconstruct
high-resolution images of tissue properties such as sound
speed and attenuation. The most common clinical use of
UST is breast imaging [ 1] where sound speed and attenuation
serve as biomarkers for cancer detection. Ring-array UST
currently employs a two-dimensional (2D) full waveform
inversion (FWI) reconstruction algorithm [2]. Although ultra-
sound physics is three dimensional (3D), elevational focusing
enables current 2D modeling by confining the ultrasound
beam to a thin volume.

However, as the frequency increases, real 3D physics devi-
ates from the 2D model. Out-of-plane tissue variation can
cause significant deviations from the 2D model that slice-
wise FWI cannot account for (e.g., the strong refraction at
the sloping edge of the breast). To correct for this, recent
work [3], [4] uses 3D FWI with an elevational focusing model
to accurately account for the full diffraction in the tissue;
despite applying 3D FWI, its achievable spatial resolution
is limited by the lack of elevational sampling with a single
row of receive elements. Although 3D FWI eliminates many

artifacts caused by 2D modeling errors, partial volume effects
and the lack of receive sampling outside the imaging plane
limit the achievable spatial resolution of UST.

With the advent of cone-beam computed tomography
(CBCT), X-ray computed tomography (CT) went from a
2D slicewise to a fully 3D imaging modality. We envi-
sion a similar trajectory for UST by expanding our current
ring-array design [1] to include multiple rows of ele-
ments, thereby capturing the full 3D insonification of the
tissue.

The main barrier to achieving a practicable 3D FWI with
a multi-row ring-array transducer is computational cost. For
example, time-domain FWI [3] would involve the complete
3D wavefield vs. time for each transmit event simulated.
Frequency domain FWI significantly reduces the memory
footprint by eliminating the time axis, making it much more
practicable for 3D imaging. Although the paraxial approxi-
mation has been used to achieve fast 3D frequency-domain
imaging based on plane-wave transmissions between a pair
of opposing pitch-catch planar-array transducers [5], it cannot
easily be applied to a ring-array geometry. Instead, this work
relies on the convergent Born-series solution to the full 3D
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Helmholtz equation [6] to perform 3D frequency-domain
FWI without any approximations.

Although the pitch-catch setup [5] also achieves 3D imag-
ing, its motorized rotation may lengthen acquisition times
and introduce motion artifacts. A multi-row ring-array would
reduce acquisition time by eliminating the need for rota-
tion. Additionally, cylindrical wave transmits (as opposed
to single-element transmits) keep the number of trans-
missions to a minimum, thereby reducing acquisition and
reconstruction times even further. By using this transmis-
sion scheme with multiple rows of receivers, elevational
focusing is no longer necessary. Rather than confine the
ultrasound beam to a thin slice, our approach uses broad unfo-
cused cylindrical-wave transmits to efficiently sample the
full volume. This work provides an initial proof-of-concept
demonstration with numerical breast phantoms to motivate
the development of a multi-row ring-array transducer for 3D
UST imaging.

Il. THEORY

A. FREQUENCY-DOMAIN FWI USING THE HELMHOLTZ
EQUATION

We solve the 3D Helmholtz equation to obtain a pressure field
u for a given source §, frequency w = 2xf, and slowness s
(i.e., the reciprocal of sound speed):

(V? + o*sHu(w, ) = §(w), 1)

If we vectorize the pressure field and source over spa-
tial locations on a discretized grid as u and §, respectively,
we abstractly denote the (V2 4 w?s?) operator as a matrix A
applied to u, which equals to §:

Ao, 9u(w, s) = §(w), 2
Differentiating both sides with respect to s yields:
0 0A 0A
U A1y = a1 2y, 3)
as as as

Rather than observing the full pressure field u at all locations
in space, we only record the pressure field p at the ring array.
The relationship between p and u is: p = Ku, where K is
a sampling operator that extracts the pressure field at each
element of the ring array, treating elements as point receivers.
Modeling the elements as point sources and receivers has
previously been validated and applied to in vivo data [2]. The
relationship between changes in slowness and changes in the
simulated pressure field at the ring array is
ap _10A

_10A
= —u=-KA"T —A" 6, @)
0s 0s 0s

Frequency-domain FWI minimizes the following cost func-
tion with respect to the slowness image s:

N

1 N
E@,9) =5 > [pi(®, ) = Pons i(®)]
i=1

where p; and pons.i are the simulated and observed pressure
measurements on the ring array for the i’ cylindrical wave
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transmission §; (i ranges from 1 to N, the number of cylindri-
cal waves). The gradient of E(w, s) with respect to slowness
s is given by:

VE

_ 'N e [ (%)H (pi — Pobs,i)]

0A f H\—1¢T
< [(gul) A")K (pl_pobs,l)

e [ (Za)zs o) ui)H A"YT'KT (pi — Pobs.i) I ,

Il Il |

(6)

where © refers to the point-wise multiplication between the
vectors. This definition of the gradient is used to implement
the conjugate gradient method as done in prior work [2].
Solutions A~! and (A7)~! to the Helmholtz equation and its
adjoint, respectively, are achieved via the convergent Born
series solution to the Helmholtz equation [6]. The theory
behind frequency-domain FWI [2] does not change in any
significant way when moving from 2D to 3D.

B. COMPLEX SOURCE ESTIMATION

The amplitude and phase of each source is not known a priori
and is estimated at each iteration of FWI. The following pro-
jection formula provides a complex scaling y; that captures
both the amplitude and phase of each source:

o pinobs,i

" piflpi
The source vector and pressure fields are scaled to {§; —
vi6i}, {uj — yui}, and {p;i — y;pi}, respectively. The same
source estimation and scaling process is in used in [2].

@)

lll. METHODS
Receive channel data from cylindrical-wave transmits using a
multi-row ring-array transducer (22-cm diameter; 32 rows of
256 circumferential elements; 2.4 mm spacing between rows)
was simulated in k-Wave [7] for three different 3D numerical
breast phantoms. A total of 256 cylindrical wave transmits
(0.75 MHz center frequency; 67 % fractional bandwidth) were
produced by simultaneously firing the same circumferential
element in each row. Signals were received by the full 256 x
32 array of elements, resulting in 8192 recorded signals per
cylindrical wave transmission. The resulting channel data
(with -20 dB Gaussian white noise added) was used to recon-
struct the full 3D profile of sound speed in the breast. The
first breast phantom was developed in [4] from the Virtual
Imaging Clinical Trial for Regulatory Evaluation (VICTRE)
repository, and the next two breast phantoms were adapted
from dynamic contrast-enhanced MRI images [8]

We compared 3D FWI to 2D slicewise FWI based on
receive channel data from each row (or slice) of the ring.
By assuming that there is no elevational variation in sound

VOLUME 5, 2025



Alietal.:

Ground Truth

3D Frequency-Domain FWI for Whole-Breast Imaging With a Multi-Row Ring Array

2D Slicewise FWI

7

Phantom 1

A AR LK

‘\i‘.‘?

A AR
e,
'y
%,

2

e

Phantom 2

3 X

A0y LMD g

&) has
LA R

<

%

¥

&)
X

“‘\\,
A e

AR
G T

5

o

Phantom 3

X

LA 8AD

-
>

.‘<‘. i

R e vk BB

%"m“’

Y i v o

FIGURE 1. Comparison of 2D slicewise to 3D FWI with simulated multi-row ring array. Cylindrical wave transmits from a multi-row
ring-array (32 rows; 256 elements per row; 22 cm diameter; 2.4 mm between rows) were simulated in three different numerical breast
phantoms. Orthographic slice views of the reconstructed volumes intersect at suspicious high sound speed masses in each phantom
(cancers in phantoms 1 and 2, and dense breast tissue in phantom 3). Each sound speed images is displayed in grayscale from 1400 to
1600 m/s: (Left Column) ground-truth sound speed image; (Middle Column) volume reconstructed using 2D slicewise FWI; (Right

Column) volume reconstructed using 3D FWI.

speed, 2D FWI could be applied to each row of received
signals (256 recorded signals per cylindrical wave transmit
per row) by treating each row of receivers as sampling a single
slice of the full volume. Each FWI was performed from 200 to
800 kHz in 50 kHz steps with 5 iterations of conjugate
gradient at each frequency. A homogeneous 1500 m/s starting
model was used in each case. The improvement in image
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reconstruction from 2D slicewise to 3D FWI was evaluated
using root-mean-square error (RMSE) and Pearson,s correla-
tion coefficient (PCC) with the ground truth.

IV. RESULTS
Figure 1 demonstrates several improvements in the recon-
structed image visible across different imaging planes in each
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TABLE 1. RMSE and PCC of the reconstructed sound speed
volume with the ground truth for each numerical breast
phantom in figure 1.

2D Slicewise FWI 3D FWI

RMSE PCC RMSE PCC
Phantom 1 | 29.2 m/s | 0.6220 | 155 m/s | 0.8848
Phantom 2 | 17.6 m/s | 0.6921 | 10.1 m/s | 0.8981
Phantom 3 | 14.7 m/s | 0.6857 8.4 m/s | 0.8967

of the three numerical breast phantoms when moving from
2D slicewise to fully 3D FWI. Table 1 report the RMSE in
sound speed reconstruction and the PCC with the ground
truth. Across all the phantoms, the RMSE of 3D FWI is
less than that of 2D slicewise FWI by 6.3-9.2 m/s. Similarly,
the PCC of 3D FWI is greater than that of 2D slicewise
FWI by 0.2065-0.3690. Most notably, in both phantoms
1 and 2, 2D slicewise FWI completely misses the cancerous
lesions that is well visualized by 3D FWI across all three
imaging planes. Additionally, the coronal view produced by
2D FWI in phantom 3 shows a globular region of high
sound speed that could be mistaken for a cancerous mass.
However, the 3D FWI better reconstructs the shape of this
region of high sound speed, revealing it to be dense breast
tissue.

In practice, 2D slicewise imaging is more accurate than
shown here because the single-row ring array currently used
in UST is elevation-focused into the imaging plane with a
much smaller elevation height. Therefore, we expect 2D slice-
wise FWI with an elevation-focused ring-array transducer [3]
to be less susceptible to artifacts caused by out-of-plane
sound speed variation than with cylindrical wave transmits
from a multi-row ring array. Nevertheless, cylindrical wave
transmits sampled by a 256 x 32 receiving array makes better
use of 3D FWI by reconstructing at higher spatial resolution
than the single-row ring-array.

V. DISCUSSION

This simulation study demonstrates the feasibility of 3D
breast imaging with a multi-row ring-array transducer. This
raises questions about manufacturing such a high-channel
count system. Butterfly iQ is known to use a 2D array
of 9000 capacitive micromachined ultrasound transducers
(CMUTs) [9]. Whereas piezoelectric crystals require sig-
nificant external circuitry for such large arrays, CMUTs
integrate electronics directly on-chip, enabling greater scala-
bility. Therefore, it may be possible to use CMUT technology
to achieve such high channel counts. Furthermore, Photo-
Sound’s LEGION Hub [10] allows 16 different 256-channel
systems to be operated in parallel, leading to a total of
4096 channels. With 2:1 multiplexing, a complete 256 x
32 ring array (8192 elements) could be accessed. Alter-
natively, the ring array may be limited to 16 rows (4096
elements) and translated vertically to scan the full 3D volume.
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Another consideration is computational cost. Multi-GPU
systems can reduce computation time by parallelizing 3D
FWI. Dedicated integrated circuits could apply fast Fourier
transforms to raw data and output specific frequencies used
in FWI to reduce dataset size. By establishing the feasibility
of 3D FWI with a multi-row ring-array, we aim to improve
computational efficiency in future work and motivate the
development of a multi-row ring array transducer.

VI. CONCLUSION

This preliminary in-silico demonstration of 3D FWI with
cylindrical wave transmits serves to foreshadow the next
generation of ring-array breast UST system. By adopt-
ing a multi-row ring geometry, we can overcome the
limitations of 2D slicewise FWI associated with current
ring-array UST and avoid the drawbacks of mechanical
rotation associated with the current implementation of 3D
UST. Ultimately, the goal of this work is to motivate
the development of a physical multi-row ring-array trans-
ducer and acquisition system for 3D FWI imaging of
the breast. The code used to simulate phantoms 2 and
3 and reconstruct their corresponding 3D volumes (based
on both 2D slicewise and 3D FWI) have been made pub-
licly available at https://github.com/rehmanali1994/3D-FWI-
MultiRowRingArrayUST (DOI: https://zenodo.org/badge/
latestdoi/871745761).
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