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Abstract— Ultrasound tomography is an emerging imag-
ing modality that uses the transmission of ultrasound
through tissue to reconstruct images of its mechanical prop-
erties. Initially, ray-based methods were used to reconstruct
these images, but their inability to account for diffraction
often resulted in poor resolution. Waveform inversion over-
came this limitation, providing high-resolution images of
the tissue. Most clinical implementations, often directed at
breast cancer imaging, currently rely on a frequency-domain
waveform inversion to reduce computation time. For ring
arrays, ray tomography was long considered a neces-
sary step prior to waveform inversion in order to avoid
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cycle skipping. However, in this paper, we demonstrate
that frequency-domain waveform inversion can reliably
reconstruct high-resolution images of sound speed and
attenuation without relying on ray tomography to pro-
vide an initial model. We provide a detailed description
of our frequency-domain waveform inversion algorithm
with open-source code and data that we make publicly
available.

Index Terms— Frequency domain, waveform inversion,
tomography, ultrasound, ring array.

I. INTRODUCTION

ULTRASOUND tomography (UST) is an emerging imag-
ing modality that uses the transmission of ultrasound

through tissue to accurately reconstruct high-resolution images
of tissue properties such as sound speed and acoustic attenu-
ation. The primary application of UST is breast imaging [1],
[2], [3], [4], where sound speed and acoustic attenuation are
key biomarkers for identifying cancer in the breast. Unlike
pulse-echo ultrasound, which solely relies on reflected signals
to create a band-limited and often aberrated [5] estimate of the
differential impedance in the tissue (i.e., the B-mode image),
UST provides absolute estimates of material properties such as
sound speed [1], density [6], [7], and acoustic attenuation [7],
[8], [9]. Although significant progress has been made to char-
acterize sound speed and acoustic attenuation with pulse-echo
imaging [10], [11], [12], it is often difficult to estimate absolute
values [11], [13] without first applying prior knowledge about
the medium [14], [15], [16].

The first algorithms used in UST to reconstruct sound
speed were ray methods that modeled the time-of-flight of
the ultrasound wave as the line integral over slowness (i.e.,
the reciprocal of sound speed). Early work [17] assumed
straight line paths for ease of reconstruction; however, “bent-
ray” methods [1], [18] later incorporated refraction. The main
difficulties with ray tomography were time-of-flight pick-
ing [19] and inherent resolution limits [20] that stemmed from
the inability of time-of-flight to capture complex diffractive
effects that can only be observed in the ultrasound waveform.
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As a result, the field increasingly adopted waveform inversion,
an approach that directly penalizes the mismatch between
simulated and measured waveforms. The main advantage of
the ray tracing methods is their fast reconstruction times
relative to waveform inversion, especially for 3D imaging [21].
Ongoing improvements rely on various approximations to
either further increase the speed of ray tracing methods [22]
or improve their accuracy [23], [24]. Because the simulated
waveforms are parameterized by estimates of the material
properties, waveform inversion recovers images of these
material properties. A significant portion of the literature
is devoted to time-domain waveform inversion [9], [25],
[26], [27], [28] because of its versatility; however, most
clinical implementations of UST instead rely on frequency-
domain waveform inversion to minimize computation
time [4], [29].

Frequency domain modeling currently falls under three
main categories: 1) direct solutions to the Helmholtz
equation [7], [29], 2) iterative Born series solutions such as
contrast source inversion [30], and 3) paraxial approxima-
tions [4], [31]. Although an open-source implementation of
the paraxial approximation has been made available [31], the
paraxial approximation often has limited utility outside of
linear array UST. Instead, the current state-of-the-art in ring
array UST [29] relies on a direct solution to the Helmholtz
equation. Although the discretization of the Helmholtz
equation is well-described in [29], the efficient solution of
this discretized system is not fully explained. This is partly
because the sparsity pattern of the discretized system often
requires highly specialized solutions for fast performance,
many of which are locked behind commercial mathematical
softwares.

In this work, we describe an efficient approach that
takes advantage of the block structure of the 2D discretized
Helmholtz equation to leverage parallel computations on the
GPU. We make the entire algorithm open source so that
others can improve upon our work. We also make in-vitro and
in-vivo experimental data publicly available with this work.
We present many practical details regarding the application
of waveform inversion to experimental data. As compared to
prior work [29], this work does not rely on ray tomography
to provide a starting model for waveform inversion and is
the first work to demonstrate the frequency-domain waveform
inversion of both sound speed and acoustic attenuation with
in-vitro and in-vivo experimental data after an initial in-
silico validation. The 2D-slice reconstructions of sound speed
and acoustic attenuation are performed using a ring array
transducer geometry.

II. THEORY

A. Waveform Inversion Using the Helmholtz Equation
Using finite difference methods, an optimal 9-point sten-

cil [32], [33] is used to discretize the two-dimensional
Helmholtz equation with perfectly matched layers (PML) [34]
to obtain a pressure field u for a given source δ, frequency
ω = 2π f , and slowness s (i.e., the reciprocal of sound speed):

(∇2
+ ω2s2)u(ω, s) = δ(ω), (1)

After discretization, the (∇2
+ ω2s2) operator becomes a

sparse matrix A that encodes the finite difference scheme
so that equation (1) can be described using the following
matrix-vector formulation (where u and δ are now vectors over
spatial locations on the discretized grid):

A(ω, s)u(ω, s) = δ(ω), (2)

Solving for u gives us that u = A−1δ; however, this
requires an efficient inversion of the discretized system A.
This point regarding the inversion of A will be explained
later in section II-E. In this section, the formulation in (2)
is used to derive the overall waveform inversion algorithm.
Differentiating both sides of equation (2) with respect to s
gives us:

∂u
∂s

= −A−1 ∂ A
∂s

u. (3)

Rather than observing the pressure field u over all space,
we only observe the pressure field p at the ring array. The
relationship between p and u is: p = K u, where K samples the
pressure field at each element of the ring array. The derivative
of p with respect to s is

∂p
∂s

= −K A−1 ∂ A
∂s

u. (4)

Waveform inversion is posed as a least-squares problem:

E(ω, s) =
1
2

N∑
i=1

∥∥pi(ω, s) − pobs,i(ω)
∥∥2

2 , (5)

where pi and pobs,i are the simulated and observed pressure
measurements for the i th single-element transmission δi on the
ring array (i ranging from 1 to N , the number of ring array
elements). The gradient of E(ω, s) with respect to s is:

∇s E =

N∑
i=1

Re

{(
∂pi

∂s

)H (
pi − pobs,i

)}

= −

N∑
i=1

Re

{(
∂ A
∂s

ui

)H

(AH )−1 K T (
pi − pobs,i

)}
.

(6)

The residuals (pi − pobs,i) between the simulated and
measured pressure fields are injected into the grid at the
measurement locations via the adjoint of the sampling
operator K T . The residuals placed at the measurement
locations then acts as sources for an adjoint Helmholtz
equation (AH )−1, which yields a backpropagated field of
the error between the simulation and the measurement. This
backpropagated field is then demodulated by a virtual source
( ∂ A

∂s ui) ≈ (2ω2s ⊙ ui), where ⊙ refers to the pointwise
multiplication between the slowness vector s and the full
wavefield ui. Because the derivative of A(s) ≈ (∇2

+ ω2s2)

with respect to s is 2ω2s, ∂ A
∂s is a pointwise multiplication

with 2ω2s
To implement the conjugate gradient (CG) algorithm for this

objective function (5), we also need to calculate the linearized
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perturbation in the pressure field 1pi for a given perturbation
dk to the slowness:

1pi =

(
∂pi

∂s

)
dk = −K A−1

(
∂ A
∂s

ui

)
dk. (7)

This perturbation 1pi allows us to properly scale the search
direction dk and update the slowness model sk:

αk = −
dk

T
∇s E(sk)∑N

i=1 ∥1pi∥
2
2

(8)

sk+1 = sk + αkdk (9)

Note that first iteration of CG is simply gradient descent
(i.e., d1 = −∇s E(s1)). Successive iterations of CG update
the search direction according to the following formulas:

βF R,k =
∇s E(sk)

T
∇s E(sk)

∇s E(sk−1)T ∇s E(sk−1)
, (10)

βP R,k =
∇s E(sk)

T (∇s E(sk) − ∇s E(sk−1))

∇s E(sk−1)T ∇s E(sk−1)
, (11)

βk = min
(
max

(
βP R,k, 0

)
, βF R,k

)
, (12)

dk = −∇s E(sk) + βkdk−1. (13)

CG can be interpreted as gradient descent with a momentum
βk that depends on the current and previous gradient. We bal-
ance Fletcher-Reeves (FR) and Polak-Ribière (PR) to avoid
the pitfalls associated with each formula [35].

B. Sound Speed and Attenuation
The slowness s can be complex-valued:

s = sR + jsI (14)

where the real part sR corresponds to the reciprocal of sound
speed and the imaginary part sI corresponds to a frequency-
dependent attenuation. Therefore, waveform inversion can be
used to reconstruct sound speed and attenuation by replacing s
with either sR for sound speed or sI for attenuation in all of
the equations described in the previous section II-A. The only
difference is in the virtual source term ( ∂ A

∂s ui):(
∂ A
∂sR

ui

)
=

∂s
∂sR

∂ A
∂s

ui =
∂ A
∂s

ui ≈ (2ω2s ⊙ ui), (15)(
∂ A
∂sI

ui

)
=

∂s
∂sI

∂ A
∂s

ui = j
∂ A
∂s

ui ≈ ( j2ω2s ⊙ ui), (16)

where ( ∂ A
∂sR

ui) and ( ∂ A
∂sI

ui) differ by a factor of j =
√

−1.

C. Source Estimation
The waveform inversion described in section II-A assumes

that the correct phase and amplitude is used for each
single-element source δi; however, in practice, the phase and
amplitude of each source must be estimated from measured
waveform. The following projection formula provides a com-
plex frequency-dependent scaling γi (ω; s) that accounts for
both the amplitude and phase from each source i :

γi (ω; s) =
pi(ω, s)H pobs,i(ω)

pi(ω, s)H pi(ω, s)
(17)

The source vector and pressure fields are scaled to {δi → γiδi},
{ui → γi ui}, and {pi → γi pi}, respectively. The source
scaling γi also depends on the current estimate of the complex
slowness s and will be updated with each new estimate.
Rather than estimating the source based on a calibration
prior to waveform inversion, the source scaling is dynamically
computed and applied during waveform inversion.

D. Ring Element Gridding Corrections

When discretizing the Helmholtz equation over a spatial
grid, many ring elements will not fall exactly on the grid.
In these cases, the ring elements are placed at the nearest
grid point; however, this results in spatial discretization errors,
which we correct by applying the following phase adjustment
to data pobs,i,v(ω) collected at receiver v for transmitter i :

pobs,i,v(ω) → pobs,i,v(ω) exp
(

jω
(

ddisc
iv − div

)
/c

)
(18)

where div is the true distance between the transmitter and
receiver, ddisc

iv is the distance between the discretized positions
for the transmitter and receiver, and c is the sound speed
near the transducer. In practice, c does not need to be known
precisely and can be the same as the sound speed used in the
homogeneous model to begin waveform inversion.

However, the phase adjustment described by equation (18)
only corrects the impact of gridding errors on the signal
transmitted directly from transmitter i to receiver v. It cannot
correct for the impact of gridding errors on the backscattered
received signals. Because this work only considers the through
transmission, the issue of the backscattered received signals is
beyond the scope of this work. Although not implemented in
this work, carefully chosen interpolation schemes [36], [37]
can be used to place point sources at fractional grid locations,
solving the problem for both the through transmission and
backscattered received signals.

E. Block LU Solver for the Helmholtz Equation

This section examines the structure of A to efficiently invert
A for waveform inversion. With a 9-point stencil on a M × J
grid, A has the following block-tridiagonal structure [38]:

A =


D1 U1
L1 D2 U2

. . .
. . .

. . .

L J−2 DJ−1 UJ−1
L J−1 DJ

 , (19)

where Ln , Dn , and Un , are M × M matrix blocks (n ranging
from 1 to J ) each having their own tridiagonal structure. The
algorithms in the following subsections describe the details
of the block LU solver for the Helmholtz equation based
on this block tridiagonal matrix structure. These algorithms
were specifically developed in CUDA [39] to leverage parallel
computations on the GPU.
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1) Block LU Factorization of the Helmholtz Equation: The
block LU factorization [38] A = LU yields lower and upper
block triangular matrices L and U :

L =


T1
L1 T2

. . .
. . .

L J−2 TJ−1
L J−1 TJ

 , (20)

U =


I T −1

1 U1
I T −1

2 U2
. . .

. . .

I T −1
J−1UJ−1

I

 , (21)

where the Schur complements Tn satisfy the recurrence{
T1 = D1

Tn = Dn − Ln−1T −1
n−1Un−1 for n = 2, . . . , J.

(22)

2) Applying the Block LU Factorization: The block LU fac-
torization allows the discretized Helmholtz equation [Au =

(LU )u = L(Uu) = δ] (2) to be expressed as{
Lv = δ

Uu = v,
(23)

where

v =


v⃗1
v⃗2
...

v⃗J−1
v⃗J

 δ =


δ⃗1
δ⃗2
...

δ⃗J−1
δ⃗J

 u =


u⃗1
u⃗2
...

u⃗ J−1
u⃗ J

 . (24)

The L-system in (23) can be solved using a forward sweep:{
v⃗1 = T −1

1 δ⃗1

v⃗n = T −1
n (δ⃗n − Ln−1v⃗n−1) for n = 2, . . . , J.

(25)

The U -system in (23) can be solved using a backward sweep:{
u⃗ J = v⃗J

u⃗n = v⃗n − T −1
n Un u⃗n+1 for n = J − 1, . . . , 1.

(26)

Alternatively, if the adjoint system of equations [AH u =

(LU )H u = U H (L H u) = δ] needs to be solved (e.g., the
gradient calculation (6)), the block LU factorization yields:{

U H v = δ

L H u = v,
(27)

The U H -system in (27) can be solved using a forward sweep:{
v⃗1 = δ⃗1

v⃗n = δ⃗n − U H
n−1(T −1

n−1)
H v⃗n−1 for n = 2, . . . , J.

(28)

The L H -system in (27) can be solved using a backward sweep:{
u⃗ J = (T −1

J )H v⃗J

u⃗n = (T −1
n )H (v⃗n − L H

n u⃗n+1) for n = J − 1, . . . , 1.

(29)

Because each sweep relies on T −1
n ’s, we store T −1

n ’s rather
than the Tn’s when applying the recurrence relation (22).
However, special care is needed when inverting the Tn’s.

3) Inverting the Schur Complements: In each sweep, the T −1
n

matrices transform the pressure fields (v⃗n or u⃗n) from one
plane to the next one. However, the invertibility of each Tn is
related to the boundary conditions applied to the Helmholtz
equation. We apply the Dirichlet boundary condition that the
pressure field is zero at the edges of the domain (i.e., first and
last entries of each v⃗n or u⃗n vector are zero). This Dirichlet
boundary condition is enforced by making the first and last
entries of δ⃗n zero. Additionally, the first and last rows of each
Ln and Un must be zero because there is no 9-point stencil
for these entries corresponding to the boundary condition.
As a result, the first and last entries of δ⃗n − L j−1v⃗n−1 and
Un u⃗n+1 must also be zero. According to the forward (25) and
backward (26) sweeps, this means that T −1

n is only ever used
to transform a vector whose first and last entries are zero to
another vector whose first and last entries are zero.

Thus, it should be no surprise that Tn has a null space
corresponding to the first and last entries of the input vector,
which means that Tn is not invertible. However, there is no
need to invert for the first and last entries because they should
be zero; Tn only needs to be inverted over the interior entries
of the vector, so we identify T int

n the interior part of Tn that
excludes the first and last row and column:

Tn =

 ∗ . . . ∗

... T int
n

...

∗ . . . ∗

 . (30)

For all equations involving T −1
n , we define T −1

n as the inverse
only over the interior entries in T int

n , surrounded by zeros:

T −1
n :=

 0 . . . 0
... (T int

n )−1 ...

0 . . . 0

 . (31)

III. METHODS

A. Numerical Simulations
Figure 1 shows the ground-truth sound speed and attenu-

ation maps for two numerical breast phantoms (a) and (b)
used in k-Wave [40] to simulate single-element transmissions
(1.0 MHz center frequency; 75% fractional bandwidth) from a
ring array (22 cm diameter; 512 elements). Received channel
data (time traces for the received signal from each individual
element for each single-element transmission) from these
k-Wave simulations were used to reconstruct the sound speed
and attenuation in the medium using waveform inversion.
No noise was added to the simulated channel data.

Phantom (a) was adapted and modified from a contrast-
enhanced cone-beam breast CT image in work from the
Diagnostic Breast Center Göttingen (https://doi.org/10.1016/
j.tranon.2017.08.010) [41] under the Creative Commons
Attribution-NonCommercial-No Derivatives License (CC BY
NC ND) (https://creativecommons.org/licenses/by-nc-nd/4.0/).
Phantom (b) was adapted from a 3D breast MRI dataset [42].
Root-mean-square (RMS) errors of the reconstructed sound
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Fig. 1. Sound speed and attenuation maps [m/s] for two numerical breast
phantoms (a) and (b). A 22 cm diameter ring array with 512 elements
(white dots) was simulated in k-Wave for each phantom.

speed and attenuation are reported inside an 18 cm diameter
circle at the center of the ring for each of the two phantoms.

B. Experiments
1) In-Vivo Acquisitions: Raw ultrasound channel data from

an early UST prototype [43] was used to reconstruct sound
speed and attenuation in the breast (data collected under IRB
No. 040912M1F). This breast UST prototype consisted of a
22 cm diameter ring transducer with 1024 elements and a pulse
center frequency of 2.5 MHz. Receive channel data from all
1024 elements were collected for each single-element transmit
on the ring, resulting in a full 1024 × 1024 matrix capture of
time series channel data (sampled at 12 MHz). The channel
data was acquired with sufficient signal-to-noise ratio (SNR)
for waveform inversion from 0.3 to 5.5 MHz.

2) In-Vitro Phantom Experiments: The complete experimen-
tal setup for the phantom experiments is shown in Figure 2.
A 22 cm diameter ring transducer with 1024 elements
(Transducer Works, Centre Hall, PA, USA) attached to a
Verasonics Vantage 256 scanner via a UTA1024-MUX con-
nector (Verasonics Inc., Kirkland, WA, USA) was used to
collect the same full 1024 × 1024 matrix capture (described
in III-B.1) from a Yezitronix Multi-modality Breast Phantom
model B-MM-1.2 (Yezitronix Group Inc., Saint-Laurent, QC,
Canada). Using the UTA1024-MUX, the acquisition sequence
consisted of single-element transmissions, repeated four times
for each 256-element subaperture of receivers (elements
1-256, 257-512, 513-768, and 769-1024), resulting in a
total of 4096 transmit events to collect the full 1024 ×

1024 matrix capture. The time-series channel data was sam-
pled at 12.5 MHz.

However, as compared to the breast UST prototype, the
Transducer Works ring only had content with sufficient SNR
down to 0.7 MHz when excited at 2.5 MHz. In order to avoid
cycle skipping [44], the Transducer Works ring was excited

Fig. 2. Phantom experiment setup. The Verasonics data acquisition sys-
tem is connected to the ring transducer (22 cm diameter, 1024 elements).
The Yezitronix Multi-modality Breast Phantom was lowered into the water
bath with the ring transducer using the vertically placed translation stage
shown.

at 0.7 MHz to extract sufficient SNR down to 0.35 MHz.
However, since 0.7 MHz is well outside the natural excitable
range for the ring, nonlinearities cause the phase response to
become significantly nonuniform across the ring, rendering
content above 0.7 MHz unusable for waveform inversion.

C. Bootstrapping in Frequency

Waveform inversion is performed from low frequency
to high frequency where the reconstruction resulting from
the lowest frequency is used as the initial model for the
reconstruction at the next frequency, and so forth. This boot-
strapping approach begins at low frequencies to avoid cycle
skipping [31], [44]. Higher frequencies then increase the
resolution of the reconstructed images. In all imaging cases,
our initial model prior to waveform inversion is a homo-
geneous 1480 m/s sound speed and zero attenuation in the
medium.

Because sound speed is more closely related to the phase of
the waveform, an imperfect attenuation model does not signif-
icantly impact sound speed reconstruction. On the other hand,
attenuation tomography is far more sensitive to phase and

Authorized licensed use limited to: UNIVERSITY OF ROCHESTER. Downloaded on September 06,2025 at 01:49:45 UTC from IEEE Xplore.  Restrictions apply. 



ALI et al.: 2-D SLICEWISE WAVEFORM INVERSION OF SOUND SPEED AND ACOUSTIC ATTENUATION 2993

amplitude errors caused by imperfections in the sound speed
model. We therefore reconstruct images in two passes, each
going from low to high frequency: on the first pass, we only
update sound speed; on the second pass, we alternate between
updates to sound speed and attenuation, first updating sound
speed then attenuation at each frequency. We use 3 iterations
of CG to update each material parameter at each frequency.
The purpose of the first pass is to obtain an accurate sound
speed estimate, which is used on the second pass to more
accurately reconstruct attenuation.

We now describe the exact schedule of frequencies used
during waveform inversion on our (1) in-silico simulation
data, (2) in-vivo breast acquisitions, and (3) in-vitro phan-
tom data. In each case, the frequencies used on the second
pass are slightly shifted relative to the frequencies used
on the first pass to avoid overfitting to data at the same
frequencies.

1) In-Silico Simulation Data: For our simulated data, wave-
form inversion uses frequencies ranging from 0.3 to 1.25 MHz
in 50 kHz steps on the first pass, and 0.325 to 1.275 MHz in
50 kHz steps on the second pass.

2) In-Vivo Breast Data: For our breast data, we applied the
same schedule of frequencies used on the simulated data.

3) In-Vitro Phantom Data: Because the usable bandwidth of
the transducer used for these experiments was much narrower
(see section III-B.2), waveform inversion was done from
0.35 to 0.65 MHz in 50 kHz steps on the first pass and 0.375 to
0.675 MHz in 50 kHz steps on the second pass.

D. Isolating the Through-Transmission

For transmission tomography, we isolate the direct
through-transmission by only using receive channels from the
75% of the ring opposite from the transmitter for waveform
inversion. For the 512 × 512 full matrix capture, this is equiv-
alent to excluding receive channel data from the transmitter
and 63 elements on each side of the transmitting element
(excluding a total of 127 receive channels). For the 1024 ×

1024 full matrix capture, we exclude receive channels from
the transmitter and 127 elements on either side (excluding a
total of 255 receive channels). The main reason for excluding
receive channels closest to the transmitter is that element
directivity (on both transmission and reception) is not modeled
in our simulations. Therefore, the simulation of the through
transmission becomes less accurate as the receiver becomes
closer to the transmitter. We empirically determined that only
25% of the receive channels closest to the transmitter need
to be excluded in order to avoid this inaccuracy. Additionally,
we apply a single-sided Gaussian window to each time trace
in the received channel data to exclude events that appear
in the data prior to the transmitted wave (e.g., multiplexer
switching, precursor signals, parasitic waveguiding around
ring, etc.). Figure 3 shows the entire process with channel
data from an in-vitro phantom. After excluding the 25% of
receive channels (receivers 1-128 and 897-1024) closest to the
transmitter (transmit 1), Figure 3(b) eliminates the multiplexer
artifact seen in the first 30 µs of Figure 3(a) by applying the
single-sided Gaussian window.

Fig. 3. Time-domain pre-processing to isolate through transmission.
(a) Original in-vitro phantom channel data for pulse emitted from ele-
ment 1. (b) Channel data after excluding of the 25% of receive elements
closest to the transmitter and applying single-sided Gaussian windowing
to remove artifacts and noise prior to the main arrival of the pulse.

Fig. 4. Example of outlier removal with In-Vivo breast data. (a) 1024 ×

1024 sinogram of phasor amplitudes, excluding the 25% of receivers
closes to the transmitter (e.g., the blank region along the diagonal of
the sinogram). Red arrows indicate the high-amplitude outliers caused
by the glancing incidence of the ultrasound wave along the skin line
surrounding the breast. (b) Sinogram after removing the top 1% of phasor
measurements with the largest amplitudes.

E. Additional Pre-Processing Steps

After windowing the received channel data for each
single-element transmission (see section III-D), we take a
discrete-time Fourier transform (DTFT) to isolate the specific
frequencies used in the waveform inversion. This gives us
either a 512 × 512 (k-Wave simulation) or a 1024 × 1024
(experimental data) matrix of phasors at each frequency, and
after removing everything except the opposing 75% of the ring
for each transmitter, these become 512 × 385 and 1024 ×

769 matrices, respectively. Afterwards, we exclude certain
outliers in our remaining measurements that would cause
problems for waveform inversion. We specifically remove the
top 1% of phasor measurements having the largest magnitude
at each frequency. These large values can be the most prob-
lematic because they dominate the gradient (6) image created
when backprojecting the error (pi − pobs,i). Figure 4 shows
an example of this outlier removal process with in-vivo breast
data. The 1024 × 1024 sinogram in Figure 4(a) shows the
amplitude of each phasor, with abnormally large values corre-
sponding to a strip of skin along the surface of the breast. For
certain glancing incidence angles, the skin around the breast

Authorized licensed use limited to: UNIVERSITY OF ROCHESTER. Downloaded on September 06,2025 at 01:49:45 UTC from IEEE Xplore.  Restrictions apply. 



2994 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 43, NO. 8, AUGUST 2024

Fig. 5. Visual demonstration of backprojection using breast data at 0.3 MHz. The backprojection of the error in the received signal is accumulated
over the transmitters to produce the final gradient image. The transmitter is indicated by a red asterisk, and active receivers are indicated in yellow.

Fig. 6. Bootstrapping in frequency. Sound speed reconstructions are shown using data at frequencies up to 0.3, 0.35, 0.5, 0.8, and 1.25 MHz,
respectively. The low frequencies are used to overcome cycle skipping, and as the frequency increases, image resolution improves. Attenuation is
assumed to be zero throughout the medium in these reconstructions.

can act as waveguide due to its high sound speed. The wave,
amplified by this waveguide, caused large signals at 0.75 MHz.
Figure 4(b) shows that the 1% outlier removal eliminates most
of these large signals. Currently, these outliers are simply set
to zero; however, the waveform inversion algorithm may be
modified such that the data residuals corresponding to the
outliers are excluded from the backprojection in the gradient
calculation.

IV. RESULTS

A. Demonstration of Image Reconstruction Process
Using phasor measurements at 0.3 MHz from a breast

dataset, Figure 5 visually demonstrates the backprojection
calculation (6) when starting from a homogeneous 1480 m/s
starting model. The error in the receive signal is backpro-
jected into the estimate and accumulated over the transmitters,
resulting in the final gradient image. This gradient image
is then used to update the estimate of the sound speed in
the medium. The image reconstruction begins at the low-
est possible frequency. However, by iteratively applying this
backprojection approach at progressively higher frequencies,
image resolution improves as shown in Figure 6. Note that
Figure 6 only shows the end result of the first pass through all
the frequencies. The second pass further refines the estimated
sound speed by incorporating attenuation. This will be shown
later in section IV-D.

B. In-Silico Validation
The waveform inversion algorithm is first validated using

simulated datasets where the true sound speed and attenuation

profiles are known precisely. Figure 7 shows the recon-
structed sound speed and attenuation profiles in each of the
two simulation cases (a) and (b). When compared to the
ground truth shown in Figure 1, the RMS error in sound
speed is 11.0 and 8.3 m/s for cases (a) and (b), respec-
tively. Similarly, the RMS error in the attenuation estimate is
0.36 and 0.46 dB/(cm MHz), respectively. Both sound speed
and attenuation are reconstructed accurately in simulated data.
Sections IV-C and IV-D show the simultaneous reconstruction
of sound speed and attenuation in real experimental conditions.

C. In-Vitro Experiments
Figure 8 demonstrates the waveform inversion reconstruc-

tions of sound speed and attenuation on datasets collected
from the in-vitro phantom. Figure 8(a)-(b) correspond to
two different slices of the phantom. The inclusions in the
images are numbered 1-8. Table I reports the sound speed
and attenuation averaged over each inclusion, the background
of the breast phantom, and the water surrounding the breast
phantom. Lastly, Table I also provides manufacturer-reported
sound speed and attenuation ranges for each type of material.
Figure 8(c)-(d) plots the reconstructed sound speed and atten-
uation, respectively, as star-shaped points against their range
of expected values, represented by the boxes.

The sound speed measured in inclusions 1, 3, 4, and 7 falls
at the lower end expected in the high-sound speed lesions.
However, the sound speed in inclusions 2 and the background
material of the phantom falls the higher end of their expected
ranges. According to the manufacturer, the chemical agent
responsible for the high sound speed in the lesions is expected
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Fig. 7. Validation of waveform inversion algorithm using k-wave simulated datasets. The RMS error in the reconstructed sound speed and attenuation
profiles are: (a) 11.0 m/s and 0.36 dB/(cm MHz), respectively; and (b) 8.3 m/s and 0.46 dB/(cm MHz), respectively. Line profiles at (a) Lateral =

−0.0135 m and (b) Lateral = −0.0252 m comparing the true (blue) and estimated (red) sound speed and attenuation are shown.

to leak into the surrounding background as water diffuses into
the lesions. Thus, the sound speed in the phantom approaches a
homogeneous mean value as chemical agents within the phan-
tom diffuse. An additional confounding factor is the unknown
difference in temperature between manufacturer-reported val-
ues and our experiments. In the Discussion section, we address
partial volume effects that impact both the sound speed and
attenuation reconstructions in the phantom.

D. In-Vivo Demonstration

Figure 9 shows high-resolution waveform inversion recon-
structions of sound speed and attenuation in two breast
imaging examples: (a) an example of a benign cyst;
and (b) an example of a spiculated malignancy. Much
like the malignancy (1540-1600 m/s) in Figure 9(b), the
fluid-filled cyst (Figure 9(a)) is characterized by a high
sound speed (1520-1550 m/s) relative to the fatty back-
ground (1380-1420 m/s). However, the key differentiating
factor between the benign cyst and the malignancy is the
attenuation. The malignancy is characterized a high attenuation
relative to the background tissue whereas the attenuation inside
the cyst is close to the background breast fat. Similar to
the in-vitro experiments in Figure 8(b), the large negative
attenuation values seen in Figure 9(b) are most likely due to
focusing effects that occur out of the imaging plane. The main
distinction between the final result of Figure 6 and the sound

speed image shown in Figure 8(b) is the simultaneous recon-
struction of an attenuation map that corrects for deviations in
the amplitude of the waveform.

V. DISCUSSION

This is the first work to show high-resolution reconstructions
of both sound speed and attenuation in the breast using an
open-source frequency-domain waveform inversion algorithm
with a ring-array transducer. We first present the mathemat-
ical theory behind frequency-domain waveform inversion, the
practical aspects of the application of waveform inversion to
real data (e.g., source estimation and gridding corrections),
and the algorithmic details behind the Helmholtz equation
solver that lies at the heart of frequency-domain waveform
inversion. Some of these details have important implications
for the results presented thus far. For example, the source
estimation step estimates the phase and amplitude for each
source by finding the complex scaling factor that maximizes
the agreement between the simulated and measured channel
data. However, this introduces two different non-uniqueness
problems related to the phase and amplitude respectively.

The nonuniqueness in the phase affects the sound speed
reconstruction. If a phase is applied to the simulated data at
each frequency to minimize the discrepancy with the measured
data, it is unclear whether this phase corresponds to the source
or an error in the sound speed model. Fortunately, in-silico
results shows that waveform inversion can robustly overcome
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Fig. 8. Waveform inversion reconstruction of sound speed and attenuation In-Vitro. Two separate slices (a) and (b) from the same phantom were
imaged. The reconstructed sound speed and attenuation values for each inclusion (numbered 1-8), the background, and the water is reported in
Table I based on values averaged over the corresponding regions of each image. The expected sound speed and attenuation for each material type,
as per the manufacturer, is also provided in Table I. Reconstructed sound speed (c) and attenuation (d) values were grouped according to whether
they corresponded to a lesion inclusion, water (or water-filled cyst), or the background material of the phantom. In (c) and (d), these values were
plotted as points with bands corresponding to expected ranges for each type of material.

TABLE I
RECONSTRUCTED SOUND SPEED AND ATTENUATION IN PHANTOM SLICES SHOWN IN FIGURE 8

the ambiguity between the phasing of each source and the
sound speed estimate. Additionally, the phase rotation that
minimizes the discrepancy between simulated and measured
data acts to counteract cycle skipping by bringing the simu-
lated waveforms as close as possible to the measure waveform.

The nonuniqueness in amplitude primarily affects the atten-
uation reconstruction. If the exact amplitude of each source is

not known in advance, it becomes unclear whether the error in
signal amplitudes is due to an incorrectly estimated source or
an unknown attenuation profile in the medium. For this reason,
both positive and negative values are seen in the attenuation
images. The source scaling ambiguity means that absolute
attenuation estimates cannot be guaranteed. The attenuation
reconstruction should be interpreted as a relative measurement
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Fig. 9. Waveform inversion reconstructions of sound speed and attenuation in the breast. (a) Example of a breast with a benign cyst (surrounded
by red box). Based on the line profile over the dotted line (at Axial = 0.021 m), the sound speed in the cyst (1520-1550 m/s) is higher than the
surrounding breast fat (1400-1420 m/s); however, the attenuation in this cyst is similar to the attenuation in the surrounding breast fat. (b) Example
of a breast with a cancerous spiculated mass (surrounded by red box). Based on the line profile over the dotted line (at Axial = 0.015 m), the sound
speed in the spiculated mass (1540-1600 m/s) is much higher than the surrounding breast fat (1380-1420 m/s); similarly, the attenuation in the
spiculated mass is much higher than the attenuation in the surrounding breast tissue.

based on a mean signal level that is not known a priori.
Additionally, in-vitro experiments show that significant 3D

partial-volume effects impact the attenuation reconstruction
when applying 2D waveform inversion to experimental data.
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These partial volume effects are caused by the spherical
shape of the inclusions in the in-vitro phantom. The sound
speed estimates of inclusions 5, 6, and 8 fall well outside their
expected ranges and are much closer to the sound speed in
the background material. This is most likely because only the
glancing edges of inclusions 5, 6, and 8 fall within the imaging
plane. Despite the low sound speed contrast of inclusions 5, 6,
and 8 relative to the background material, they are well
visualized in the attenuation image. It is interesting to note that
the attenuation estimates are negative for inclusions 5 and 8.
This implies the amplification of the ultrasound wave for paths
going through these inclusions. We suspect that the wave
focuses out of plane due to a waveguiding effect for the
glancing angle of incidence with these high speed inclusions.
Conversely, the wave diverges out of the plane when passing
through inclusion 6, which is a glancing incidence with a low
speed cyst, resulting in a positive attenuation estimate.

Across the remaining high sound speed lesions in the
phantom (inclusions 1, 3, 4, and 7), attenuation is greatly
overestimated; manufacturers report attenuation values of
0.8-0.9 dB/(cm MHz), while waveform inversion results in
values ranging from 2-3 dB/(cm MHz) in most of the lesions.
Thus, there is a tendency for the current 2D waveform
inversion algorithm to overestimate attenuation values. This
overestimation of attenuation may be the result of the geomet-
ric spreading of the wave outside the imaging plane, an effect
that the current 2D algorithm cannot model. Lastly, inclusion 2
is a cyst with an average attenuation close to that expected in
water. The attenuation is biased upward around the cyst due
to the high impedance mismatch at the interface. Our cur-
rent form of attenuation tomography is unable to distinguish
between an impedance mismatch and viscous losses in the
medium.

Another challenge for attenuation imaging is the choice of
model [7]. Currently, we model attenuation as the imaginary
part of slowness, resulting in a non-causal attenuation that is
proportional to frequency. There are also frequency-domain
power laws for attenuation that use Kramers-Kronig relation-
ships to enforce causality. Because several attenuation models
exist, it is unclear which model best generalizes to tissue.

Fortunately, the simultaneous imaging of both sound speed
and attenuation provides radiologists with two different tissue
properties to corroborate the identification of suspected malig-
nancies. For example, the high sound speed cyst in Figure 9(a)
could be mistaken for a cancerous lesion; however, the absence
of spiculations and the low attenuation through the region
would indicate that this is a fluid-filled cyst rather than a
cancerous mass. On the other hand, the high sound speed
and attenuation of the spiculated mass in Figure 9(b) are
strongly indicative of cancer. The resolution of these images
allows radiologists to visualize and compare structures that
appear in both sets of images. For example, the spiculations
that appear in both sound speed and attenuation images in
Figure 9(b) are the strongest indicators that the mass is
malignant [45]. One interesting avenue for future work is
incorporating reflected signals into the reconstruction process.
The current algorithm solely uses the through transmission;
however, reflected signals could provide a secondary approach

to image sound speed [10], [11], [12] or enable the imaging
of mass density [6], [7]. Incorporating reflected signals could
enable the imaging of 3 tissue properties: sound speed, mass
density, and attenuation.

In addition to non-uniqueness issues, the dynamic nature
of the source estimation used in this work also implicitly
changes the gradient of the objective function with respect
to slowness. Taking the source scaling (17) into account, the
objective function (5) should actually be

E(ω, s) =
1
2

N∑
i=1

∥∥γi (ω; s)pi(ω, s) − pobs,i(ω)
∥∥2

2 . (32)

If the dependence of γi on slowness s is neglected, the gradient
of this objective function would be

∇s E =

N∑
i=1

Re

{(
γi

∂pi

∂s

)H (
γi pi − pobs,i

)}
, (33)

which is identical to our current gradient calculation with
the source scalings. However, if the dependence of γi on
slowness s were not neglected, the gradient formula would
instead be

∇s E =

N∑
i=1

Re

{(
γi

∂pi

∂s
+

∂γi

∂s
pi

)H (
γi pi − pobs,i

)}
. (34)

The ∂γi
∂s pi term introduced by the source scaling complicates

the backprojection in the gradient calculation. Future work on
a similar source estimation technique should investigate the
implementation and significance of this additional term.

The current forward-backward sweep approach to the
Helmholtz equation also has interesting implications for future
work on fast approximations to the Helmholtz equation, and
hence, a faster waveform inversion algorithm. On an Intel i7-
10700 system with an NVIDIA GeForce RTX 3060 GPU, the
current per-slice reconstruction time is approximately 30 hours
on CPU vs 80 minutes on the GPU. The reconstruction time
could be reduced by limiting the highest frequency used in
the reconstruction. This would not only reduce the number
of iterations used to reconstruct the image but also allow
for courser grids that reduce the computational cost at each
frequency. Unfortunately, limiting the highest frequency used
in the reconstruction also reduces image resolution. Previous
work [38] notes the connection between the block LU decom-
position and the analytic decomposition of the Helmholtz
equation into forward and backward one-way wave equations.
These one-way wave equations are the foundation of the parax-
ial approximation used in previous works [4], [31]. These
paraxial solvers benefit from a Fourier split-step formulation
that allows for rapid computation on the GPU. If an accurate
Helmholtz equation solver could be designed based on forward
and backward passes of a Fourier split-step method, there
would be a major reduction in computation time and the
paraxial approximation would find new applications outside
of linear array UST. The most important application would
be the extension of ring array UST to 3D imaging. The
current block LU approach does not extend well to 3D because
matrix storage requirements. However, the decomposition into
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one-way wave equations would result in a fast and much less
memory-intensive approach to solve the Helmholtz equation.
The paraxial approximation in [4], and [46] allows for an
efficient 3D image reconstruction algorithm on the GPU;
therefore, the full 3D Helmholtz equation could be solved
in similar fashion using forward-backward sweeps of the
one-way wave equation. A 3D reconstruction algorithm based
on data from a multi-slice data acquisition or a multi-row ring
array could overcome many of the partial volume and 3D out-
of-plane effects encountered in our current 2D reconstruction
algorithm.

Noise can significantly impact our reconstruction algorithm;
however, the impact of noise on the image quality is often
dependent on several circumstances surrounding it. For exam-
ple, we typically assume an ideal Gaussian pulse excitation,
especially in simulations. However, pulses produced by and
recorded on physical systems may deviate significantly from
this Gaussian shape. Channel data may have exceptionally
lower signal at certain frequencies than one might expect based
on a fractional bandwidth measurement that assumes an ideal
Gaussian profile. Noise ultimately has a frequency-dependent
effect on our waveform inversion algorithm because of the
unique spectrum of the pulse. The windowing used to iso-
late the through transmission in the time domain signal can
mitigate the impact of noise. Additionally, the large number
of measurements (1024 × 1024) in our full matrix captures
can further mitigate the impact of noise. Similar to coherent
compounding in B-mode ultrasound imaging, accumulating
the backprojections from several data residuals can overcome
low signal-to-noise ratio (SNR) on individual channels. These
are just a few of the ways noise can impact waveform
inversion. For example, the impact of noise may be further
complicated by the presence of cycle skipping.

Clinical implementations of UST [4], [29] have often
preferred frequency-domain waveform inversion because
time-domain waveform inversion often has greater stor-
age requirements: whereas as frequency-domain waveform
inversion only requires maintaining the periodic steady-state
pressure field ui for each source δi, time-domain waveform
inversion requires the pressure field for each source as a func-
tion of time. In the case of 2D waveform inversion, frequency
domain modeling often outperforms time-domain modeling
because of its reduced storage requirements and the ease of
solving the discretized system of equations produced by the
2D Helmholtz equation. However, the computations needed to
solve the 3D discretized system often consumes much more
memory than the storage requirement of time-domain model.
As an alternative to the paraxial approximation [46], the
WaveHoltz method [47] can solve the 3D Helmholtz equation
by applying fixed-point iteration to the time-domain model.
Without 3D modeling, it may still be possible to reconstruct
3D volumes based on our 2D-slice reconstruction approach
by using regularization to enforce continuity across adjacent
slices. The main drawback of this approach would be the
inaccuracy of the 2D model at each slice.

VI. CONCLUSION

This is the first work to show high-resolution reconstructions
of sound speed and attenuation in breast tissue using an

open-source frequency-domain waveform inversion algorithm.
This work explains many practical details related to the
application of frequency-domain waveform inversion to ultra-
sound tomography with a ring-array transducer. The most
computationally intensive aspect of the waveform inversion
algorithm is the Helmholtz equation solver whose efficient
implementation comes in the form of a forward-backward
sweep through the computation grid based on the block LU
decomposition. By using sufficiently low frequency content,
the waveform inversions performed in this work do not require
ray tomography to provide a starting model. All code and
datasets used in this work have been made publicly available
at https://github.com/rehmanali1994/WaveformInversionUST
(DOI: https://zenodo.org/badge/latestdoi/684631232).
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