
Efficient Helmholtz Equation Solver for Frequency Domain Waveform Inversion
Based on the Decomposition into One-Way Wave Equations

Rehman Ali1, Feiyu Wang2, Trevor Mitcham1, Nebojsa Duric1

1Department of Imaging Sciences, University of Rochester Medical Center
2Department of Mechanical Engineering, University of Rochester

WAVEFORM INVERSION ALGORITHM

CONCLUSIONS
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MOTIVATION AND BACKGROUND
• Frequency-domain waveform inversion 

for ultrasound transmission tomography 
with a ring array transducer (Figure 1) 
often needs a computationally efficient 
solution to the Helmholtz equation.

• LU-like decomposition possible using one-way wave equations.
• PSPI is more accurate than the Fourier split-step method.
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Figure 1. Ring-Array Ultrasound Tomography System 
(SoftVueTM) Developed by Delphinus Medical Technologies.

• Full Waveform Inversion (FWI) Objective Function:
• 𝐸 𝒔;𝜔 = !

"
∑#$!% 𝒑𝒊 𝜔, 𝒔 − 𝒑𝒐𝒃𝒔,𝒊 𝜔 "

" 
• 𝒑𝒊 and 𝒑𝒐𝒃𝒔,𝒊 are the simulated and observed 

pressure measurements on the ring array for 
the 𝑖+, single-element transmission 𝜹𝒊

• 𝒑𝒊 on sampled on ring array (𝒑𝒊 = 𝐾𝒖𝒊) where 𝐾 
samples 𝒖𝒊 at each element of ring array

• Objective: find slowness profile 𝒔 that causes 
simulation 𝒑𝒊 to agree with observation 𝒑𝒐𝒃𝒔,𝒊

• Gradient image ∇𝒔𝐸 is equivalent to a CT-like 
backprojection of the error 𝒑𝒊 − 𝒑𝒐𝒃𝒔,𝒊 (Figure 4).

Figure 4. Visualization of ∇𝒔𝐸 the backprojection of the error 
𝒑𝒊 − 𝒑𝒐𝒃𝒔,𝒊 onto slowness profile during waveform inversion

BLOCK LU SOLUTION TO HELMHOLTZ EQUATION

• Helmholtz equation: 
• ∇" + 𝜔"𝑠" 𝒖 𝜔, 𝒔 = 𝜹(𝜔) 

• pressure field 𝒖 (over 2D space)
• source excitation 𝜹 (e.g,, point 

source in 2D)
• slowness 𝒔 (reciprocal of sound 

speed in 2D)
• frequency 𝜔 = 2𝜋𝑓

• In matrix-vector form: 
• 𝐴(𝜔, 𝒔)𝒖 𝜔, 𝒔 = 𝜹(𝜔) 

• where 𝐴 𝜔, 𝒔  is discretization of 
Helmholtz operator ∇" + 𝜔"𝑠"

• we solve for 𝒖 𝜔, 𝒔

• For a 9-point stencil (Figure 2), 𝐴(𝜔, 𝒔) is a block 
tridiagonal matrix of tridiagonal submatrices [1]:

𝐴 =

𝐷! 𝑈!
𝐿! 𝐷" 𝑈"

⋱ ⋱ ⋱
𝐿%-" 𝐷%-! 𝑈%-!

𝐿%-! 𝐷%

• Block LU decomposition of 𝐴 𝜔, 𝒔  

𝐿 =

𝑇!
𝐿! 𝑇"

⋱ ⋱
𝐿%-" 𝑇%-!

𝐿%-! 𝑇%

	𝑈 =

𝐼 𝑇!-!𝑈!
𝐼 𝑇"-!𝑈"

⋱ ⋱
𝐼 𝑇%-!-! 𝑈%-!

𝐼

 

• Solve 𝐴𝒖 = 𝜹 for 𝒖 using block LU decomposition
• 𝐴𝒖 = 𝐿𝑈 𝒖 = 𝐿 𝑈𝒖 = 𝜹
• Two steps (Figure 3) : 1) 𝐿𝒗 = 𝜹, 2) 𝑈𝒖 = 𝒗 

• 𝒖 =

𝑢!
𝑢"
⋮
𝑢%

, 	𝒗 =

𝑣⃗!
𝑣⃗"
⋮
𝑣⃗%

, 	𝜹 =

𝛿!
𝛿"
⋮
𝛿%

   (Figure 2) 

1) 𝐿-system is solved by a forward sweep:  
𝑣⃗! = 𝑇!-!𝛿! and 𝑣⃗. = 𝑇.-! 𝛿. − 𝐿.-!𝑣⃗.-!     
for 𝑛 = 2,… , 𝑁.

2) 𝑈-system is solved by a backward sweep: 
𝑢% = 𝑣⃗% and 𝑢. = 𝑣⃗. − 𝑇.-!𝑈.𝑢./!              
for 𝑛 = 2,… , 𝑁.
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Figure 3. Visual demonstration of the Block LU Helmholtz Equation 
Solver: Forward sweep via 𝐿𝒗 = 𝜹 and backward sweep via 𝑈𝒖 = 𝒗 

LU-LIKE DECOMPOSITION 
VIA ONE-WAY WAVE EQUATIONS

• Helmholtz equation: ∇" + 𝜔"𝑠" 𝒖 𝜔, 𝒔 = 𝜹(𝜔)
•  

• 0!

01!
+ 0!

02!
+ 𝜔"𝑠" 𝒖 = 𝜹

• 0
01
+ 𝑖 𝜔"𝑠" + 0!

02!
0
01
− 𝑖 𝜔"𝑠" + 0!

02!
𝒖 = 𝜹 

• Equivalent to an LU-like decomposition in PDE 
form with the following one-way wave equations:

• Forward sweep: 0
01
+ 𝑖 𝜔"𝑠" + 0!

02!
𝒗 = 𝜹 

• Backward sweep: 0
01
− 𝑖 𝜔"𝑠" + 0!

02!
𝒖 = 𝒗 

• Each one-way wave equation is implemented 
using either the Fourier split-step method [2] or 
phase-shift-plus-interpolation (PSPI) [3].
• Mixed-domain (wavenumber & space) methods

• FFTs between wavenumber & space
• Highly parallelizable on the GPU
• More memory efficient than block LU solver

IN-VIVO DEMO WITH WAVEFORM INVERSION
BLOCK LU DECOMPOSITION FOURIER SPLIT-STEP PSPI
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Figure 2. Visualization of the Computational Grid with the 
9-Point Stencil Discretization. The full pressure field 𝒖 is 

split into columns 𝑢&, 𝑢', …, 𝑢( on the computational grid. 
The 𝐿), 𝐷), and 𝑈) blocks of the block-tridiagonal 𝐴 matrix 
result from the 9-point stencil (𝐿)/𝐷)/𝑈)	partitions shown).

Figure 6. Comparison of FWI results with each Helmholtz equation solvers

VERIFICATION+COMPARISON TO BLOCK LU SOLUTION

Figure 5. Comparison of One-Way Wave Equation Decomposition (via Fourier split-step 
method and PSPI) to the Block LU Decomposition for the Helmholtz Equation
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