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ABSTRACT

Most ultrasound transducer designs are driven towards high frequencies by the need to maximize the resolution
achievable by B-mode reflectivity imaging. Because full-waveform inversion (FWI) requires low frequencies to
overcome cycle skipping, it is often difficult to apply FWI to the same high-frequency transducer hardware.
Recent work on time-domain adaptive waveform inversion (AWI) addresses this based on a deconvolution ap-
proach to overcome cycle skipping. However, most clinical implementations of ultrasound tomography rely on
frequency-domain FWI to quickly reconstruct images on clinically relevant time scales. Although the broadband
nature of AWI makes it difficult to translate to the frequency domain, we can approximate the properties of AWI
by using a frequency-differencing approach. We develop and describe both a model-domain and a data-domain
method for frequency-differencing. Simulations and phantom experiments show that each frequency-differencing
approach helps overcome cycle skipping by providing a sufficiently accurate starting model for FWI.
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1. INTRODUCTION

Ultrasound tomography (UST) uses the transmission of ultrasound through tissue to reconstruct high-resolution
images of tissue properties such as sound speed and attenuation. The most common clinical use of UST is breast
imaging1–4 where sound speed and attenuation serve as biomarkers for cancer detection. The full waveform
inversion (FWI) algorithm responsible for high-resolution UST imaging relies on the accurate simulation of
pressure fields in a heterogeneous medium. For the application to breast imaging, FWI often requires low-
frequency signals (less than 1 MHz) to overcome cycle skipping caused by errors in a starting model. This is
because FWI directly minimizes the error between simulated and measured signals. If the simulated signal is
delayed or time-advanced by more than a half cycle relative to the measured signal, the underlying model used in
the simulation will update in the wrong direction due to cycle skipping. Low frequencies lengthen this half-cycle
window, allowing FWI to overcome errors in a starting model.5 Unfortunately, the lack of low-frequency signal
content on most ultrasound transducers currently designed for B-mode imaging prevents FWI from becoming
more broadly applicable.

Adaptive waveform inversion (AWI) overcomes this dependence on low frequencies by modeling the mismatch
between simulated and measured signals as a bank of impulse responses.6 Rather than directly minimizing the
error between simulated and measured signals, AWI drives these impulse responses toward zero-time lag, circum-
venting the cycle skipping problem. However, the main difficulty limiting AWI is its time-domain methodology
as most clinical UST scanners rely on frequency-domain FWI for fast image reconstruction.4,7 Fortunately, time
lag is equivalent to a linear phase response in the frequency domain, so a frequency-domain implementation
of AWI can be achieved by flattening this linear phase response. One way this can be achieved is by using a
mathematical trick from sonar known as frequency-differencing.8 By taking the ratio of signals at two different
frequencies f1 and f2, we can produce a new signal at frequency difference ∆f = |f1 − f2|. By minimizing the
error between simulated and measured signals after frequency differencing, cycle skipping can be overcome by
using a sufficiently small frequency difference ∆f .

We briefly elaborate on the connection between AWI and this frequency differencing strategy. We also
describe two approaches to frequency differencing: 1) a model-based approach that modifies FWI to simulate a
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frequency-difference signal based simulations at frequencies f1 and f2, and 2) a data-driven approach where data
is generated at frequency ∆f via frequency differencing but is then passed through a standard FWI algorithm.

2. BACKGROUND

2.1 Frequency-Domain FWI Using the Helmholtz Equation

Using finite difference methods,9 we solve the 2D Helmholtz equation to obtain a pressure field u for a given
source δ, frequency ω = 2πf , and slowness s (i.e., the reciprocal of sound speed):

(∇2 + ω2s2)u(ω, s) = δ(ω), (1)

After discretization, the (∇2 + ω2s2) operator becomes a sparse matrix A that encodes the finite difference
scheme so that equation (1) can be described using the following matrix-vector formulation (where u and δ are
now vectors over spatial locations on the discretized grid):

A(ω, s)u(ω, s) = δ(ω), (2)

Differentiating both sides of this equation with respect to s gives us:

∂u

∂s
= −A−1 ∂A

∂s
u = −A−1 ∂A

∂s
A−1δ, (3)

Rather than observing the full pressure field u at all locations in space, we only observe the pressure field p at
the ring array. The relationship between p and u is: p = Ku, where K is a sampling operator that extracts the
pressure field at each element of the ring array. The relationship between changes in slowness and changes in
the simulated pressure field at the ring array is

∂p

∂s
= −KA−1 ∂A

∂s
u = −KA−1 ∂A

∂s
A−1δ, (4)

The cost function for waveform inversion is:

E(ω, s) =
1

2

N∑
i=1

∥pi(ω, s)− pobs,i(ω)∥22 =
1

2

N∑
i=1

(pi(ω, s)− pobs,i(ω))
H
(pi(ω, s)− pobs,i(ω)) , (5)

where pi and pobs,i are the simulated and observed pressure measurements on the ring array for the ith single-
element transmission δi (i ranges from 1 to N, the number of elements on the ring array). The gradient of E(ω, s)
with respect to slowness s is given by:

∇sE =

N∑
i=1

Re

{(
∂pi

∂s

)H

(pi − pobs,i)

}
= −

N∑
i=1

Re

{(
∂A

∂s
ui

)H

(AH)−1KT (pi − pobs,i)

}
, (6)

This definition of the gradient is used to implement the conjugate gradient method as done in prior work.5,10

2.2 Complex-Valued Source Scaling for Frequency-Domain FWI

The waveform inversion described in the previous section assumes that the correct phase and amplitude is used
for each single-element source δi; however, in practice, the phase and amplitude of each source must be estimated
from measured waveform. The following projection formula provides a complex scaling γi that accounts for both
the amplitude and phase from each source i:

γi =
pi

Hpobs,i

pi
Hpi

(7)

The source vector and pressure fields are scaled to {δi → γiδi}, {ui → γiui}, and {pi → γipi}, respectively.
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2.3 Understanding Time-Domain AWI in the Frequency Domain

As described in the introduction, AWI6 computes the bank of Wiener filters (or impulse responses) wi that
converts measured data to simulated data. In the frequency domain, this deconvolution can be expressed as:

wi(ω, s) =
pi(ω, s)

pobs,i(ω, s)
. (8)

Since pi(ω, s), pobs,i.(ω, s), and wi(ω, s) are all vectors, the division in equation (8) is performed element-wise.
Additionally, to avoid division by zero, this division is regularized in practice:11

wi(ω, s) =
pi(ω, s)⊙ p∗

obs,i(ω, s)

pobs,i(ω, s)⊙ p∗
obs,i(ω, s) + ϵ2

, (9)

where ⊙ refers to element-wise multiplication, the * superscript refers to complex conjugation, and ϵ2 is intended
to be a small positive number that stabilizes the division-by-zero in this deconvolution. An inverse Fourier
transform can then be used to compute the bank of impulse responses wi(t, s) as a function of time t from the
frequency responses wi(ω, s). The goal of AWI is to drive wi(t, s) towards zero-lag delta functions. There are
several ways to achieve this. If we isolate a single impulse response wik(t, s) from wi(t, s), where k would be an
index over the receivers, the objective function used in AWI6,11 would be:

fAWI(s) =
1

2

∑
i,k

∫∞
−∞ |T (t)wik(t, s)|2dt∫∞

−∞ |wik(t, s)|2dt
≈ 1

2

∑
i,j

∫ ttrace/2

−ttrace/2
|T (t)wik(t, s)|2dt∫ ttrace/2

−ttrace/2
|wik(t, s)|2dt

, (10)

where T (t) is a weighting function, and ttrace (replacing ∞) is the length of the signal traces. If |T (t)| increases
monotonically with |t|, the objective function must be minimized; conversely, if |T (t)| decreases monotonically
with |t|, the objective function must be maximized.

We first try to understand the case where the objective function would be minimized. If T (t) = −jt where

j =
√
−1, the Fourier transform of T (t)wik(t, s) would be dwik(ω,s)

dω . Therefore, by Parseval’s Theorem, the
objective function may be re-expressed in the frequency domain as

fAWI(s) =
1

2

∑
i,k

∫∞
−∞

∣∣∣dwik(ω,s)
dω

∣∣∣2 dω∫∞
−∞ |wik(ω, s)|2 dω

. (11)

Based on (11), it appears that the goal of AWI in the frequency domain is to minimize
∣∣∣dwik(ω,s)

dω

∣∣∣ or flatten

the frequency spectrum. Furthermore, this is consistent with driving wik(t, s) towards a zero-lag delta function
because the Fourier transform of a zero-lag delta function is a uniformly flat frequency spectrum.

In the prior work on AWI,6 it is stated that FWI aims to drive pi(ω, s)−pobs,i(ω) towards 0 while AWI aims to
drive the ratio pi(ω, s)/pobs,i(ω) towards 1. However, based on our analysis above, we believe it is more accurate
to say that AWI drives d

dω (pi(ω, s)/pobs,i(ω)) towards 0. In other words, if one were to choose frequencies ω1

and ω2 such that ∆ω = ω2 − ω1 is very small, then AWI can be thought of as driving pi(ω1, s)/pobs,i(ω1) and
pi(ω2, s)/pobs,i(ω2) towards each other rather than towards 1 for all such choices of ω1 and ω2.

3. INNOVATION

Motivated by our frequency-domain analysis of AWI, we want to devise a frequency-domain waveform inversion
scheme that drives

pi(ω2, s)

pobs,i(ω2)
− pi(ω1, s)

pobs,i(ω1)
→ 0. (12)
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Recall that AWI would apply to (12) for all ω1 and ω2 such that ∆ω = ω2 − ω1 is sufficiently small. However,
we restrict ourselves in this work to using two frequencies at a time to minimize the cost of repeatedly solving

the Helmholtz equation. Therefore, we multiply the expression (12) by
pobs,i(ω2)
pi(ω1,s)

to obtain

pi(ω2, s)

pi(ω1, s)
− pobs,i(ω2)

pobs,i(ω1)
→ 0. (13)

In other words, by forming the ratio p̄obs,i(ω1, ω2) =
pobs,i(ω2)
pobs,i(ω1)

of observed data, we can form the corresponding

ratio p̄i(ω1, ω2, s) =
pi(ω2,s)
pi(ω1,s)

of simulated data. The goal of a waveform inversion inversion algorithm under this

frequency differencing scheme would be to drive p̄i(ω1, ω2, s) → p̄obs,i(ω1, ω2). The transformation from (12)
to (13) may seem like a simple juxtaposition of ratios but we find that waveform inversion based on (13) often
converges more quickly to a more accurate solution, especially in this dual-frequency setup.

3.1 Model-Domain Frequency Differencing

The cost function for frequency-difference waveform inversion (FDWI) is

E(ω1, ω2, s) =
1

2

N∑
i=1

∥p̄i(ω1, ω2, s)− p̄obs,i(ω1, ω2)∥22 . (14)

However, the ratios p̄i(ω1, ω2, s) and p̄obs,i(ω1, ω2) need be regularized by ϵ2 to avoid division by zero:

p̄obs,i(ω1, ω2) =
pobs,i(ω2)⊙ p∗

obs,i(ω1)

pobs,i(ω1)⊙ p∗
obs,i(ω1) + ϵ2

, (15)

p̄i(ω1, ω2, s) =
pi(ω2, s)⊙ p∗

i (ω1, s)

pi(ω1, s)⊙ p∗
i (ω1, s) + ϵ2

. (16)

The source scaling described in Section 2.2 is applied at both ω1 and ω2 to ensure the consistency of these ratios.
The gradient of E(ω1, ω2, s) with respect to slowness s is given by

∇sE =

N∑
i=1

Re

{(
∂p̄i

∂s

)H

(p̄i − p̄obs,i)

}
, (17)

where

∂p̄i

∂s
=

(
p∗
i (ω1, s)

pi(ω1, s)⊙ p∗
i (ω1, s) + ϵ2

)
⊙ ∂pi(ω2, s)

∂s
+ ϵ2

(
pi(ω2, s)

pi(ω1, s)⊙ p∗
i (ω1, s) + ϵ2

)
⊙ ∂p∗

i (ω1, s)

∂s

− pi(ω2, s)⊙
(

p∗
i (ω1, s)

pi(ω1, s)⊙ p∗
i (ω1, s) + ϵ2

)2

⊙ ∂pi(ω1, s)

∂s
.

(18)

This definition of the gradient was used to implement the conjugate gradient algorithm for FDWI.

3.2 Data-Domain Frequency Differencing

If we set ω1 = ω and ω2 = ω +∆ω, p̄obs,i may be re-expressed in terms of ω and ∆ω as

p̄obs,i(ω,∆ω) =
pobs,i(ω +∆ω)⊙ p∗

obs,i(ω)

pobs,i(ω)⊙ p∗
obs,i(ω) + ϵ2

. (19)

However, we would like to eliminate the dependence of p̄obs,i on ω so that it solely depends on ∆ω. This is
acheived by integrating both the numerator and denominator over ω in the frequency band [ωlow, ωhigh]:

p̄obs,i(∆ω) =

∫ ωhigh

ωlow
pobs,i(ω +∆ω)⊙ p∗

obs,i(ω)dω

ϵ2 +
∫ ωhigh

ωlow
pobs,i(ω)⊙ p∗

obs,i(ω)dω
. (20)
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At this point, we can use the standard FWI algorithm with the following objective function:

E(∆ω, s) =
1

2

N∑
i=1

∥pi(∆ω, s)− p̄obs,i(∆ω)∥22 . (21)

This objective function (21) is identical to the original FWI objective function (5), except that ∆ω replaces ω and
p̄obs,i(∆ω) replaces pobs,i(ω). In other words, a single Helmholtz equation at frequency ∆ω is used to simulate
pi(∆ω, s); however, rather than compare pi(∆ω, s) to actual content pobs,i(∆ω, s) at frequency ∆ω (which may
not be present with sufficient SNR in the recorded signal), we instead compare pi(∆ω, s) to p̄obs,i(∆ω) resulting
from equation (20). The process used to generate p̄obs,i(∆ω) from existing data is very similar to what is used
in frequency-difference beamforming8 to overcome the same lack of low frequency content in existing signals.

As opposed to the previous section, where we modify FWI to precisely model the ratio of data at two different
frequencies, here we focus on generating the data that can fit the existing FWI model. Of course, the process of
generating p̄obs,i(∆ω) via equation (20) would not match the actual physics (i.e., diffraction) at frequency ∆ω,
thereby introducing systematic discrepancies with the simulated results of the Helmholtz equation. Despite this
limitation, we believe that data-domain frequency differencing may provide a more accurate starting model than
ray tomography for initiating conventional FWI at a starting frequency with sufficient SNR.

4. METHODS

4.1 Starting Model Based on Frequency Differencing

Frequency-domain FWI is typically performed from the lowest possible frequency to the highest possible frequency
to avoid cycle skipping while also reconstructing images at high resolution. Most often, FWI is limited in its
ability to avoid cycle skipping due to the absence of low frequency data, ultimately requiring the use of more
accurate starting models to overcome cycle skipping. In this work we consider frequency differencing as a starting
model for FWI so that FWI can be started at a higher frequency. Model-domain and data-domain frequency
differencing is used to initialize FWI. The result of each frequency differencing scheme, before and after FWI, is
compared to FWI starting from a homogeneous starting model. To compare cycle skipping in each case, FWI is
started at the same frequency.

4.2 Numerical Simulations

Figure 1(a) from our prior work5 shows the ground-truth sound speed map for a numerical breast phantom
derived from a contrast-enhanced cone-beam breast CT image in work from the Diagnostic Breast Center
Göttingen (https://doi.org/10.1016/j.tranon.2017.08.010)12 under the Creative Commons Attribution-
NonCommercial-No Derivatives License (CC BY NC ND) (https://creativecommons.org/licenses/by-nc-nd/
4.0/). A k-Wave simulation13 with this numerical breast phantom was used to simulate 256 single-element trans-
missions with 2.5 MHz center frequency (75% fractional bandwidth) from a 11 cm diameter ring array with 256
elements. Received channel data (time traces for the received signal from each individual element for each
single-element transmission) from these k-Wave simulations were used to reconstruct the sound speed using the
algorithms described in Section 4.1. Noise was added to the received channel data simulated in k-Wave.

For the simulated data, each reconstruction begins with a 1515 m/s homogeneous model. The model-domain
differencing uses several frequency pairs whose values range from 1.2 to 1.7 MHz with frequency differences
ranging from 0.3 to 0.4 MHz. The data-domain differencing is used to construct frequency differences ranging
from 0.3 to 1.25 MHz. For each choice of starting model (model-domain differencing, data-domain differencing,
or homogeneous model), FWI starts at 1.2 MHz and ends at 1.7 MHz.

4.3 Phantom Experiments

Raw ultrasound channel data from a whole-breast UST system (Delphinus Medical Technologies Inc., Novi, MI)
was used to reconstruct the speed of sound in a custom gelatin phantom with 8 circular inclusions of increasing
diameter in a circular arrangement. The UST system consisted of a 22 cm diameter ring transducer with 1024
elements and a pulse center frequency of 2.5 MHz.
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For this phantom dataset, each reconstruction began with a 1480 m/s homogeneous model. The model-domain
differencing used several frequency pairs whose values range from 0.7 to 1.0 MHz with frequency differences
ranging from 0.15 to 0.25 MHz. The data-domain differencing was used to construct frequency differences
ranging from 0.05 to 0.5 MHz. For each choice of starting model (model-domain differencing, data-domain
differencing, or homogeneous model), FWI started at 0.75 MHz and ended at 1.0 MHz.

In lieu of ground-truth values of the speed of sound in this phantom, we also perform FWI starting from
0.3 MHz (with a homogeneous starting model), which we assume to overcome cycle skipping and yield the true
speed of sound in the phantom.

5. RESULTS AND DISCUSSION

Figure 1. Demonstration of Frequency Differencing as a Starting Model for Conventional Frequency-Domain FWI in a
Breast Imaging Simulation. In all reconstructions, no frequency content below 1.2 MHz was used; however, each frequency
differencing method would be used to effectively synthesize frequency differences well below 1.2 MHz to overcome cycle
skipping. Both data-domain and model-domain frequency differencing provide sufficiently accurate starting models for
FWI to overcome the cycle skipping seen in FWI when starting from a homogeneous starting model.

Figure 1 shows the reconstruction of sound speed in a numerical breast phantom (true sound speed shown)
based on data-domain and model-domain frequency differencing. When conventional frequency-domain FWI
is started at 1.2 MHz from a homogeneous starting model, cycle skipping corrupts the entire image. When
either frequency differencing method is used as the starting model for FWI, we can avoid cycle skipping even if
FWI starts as high as 1.2 MHz. Qualitatively, data-domain and model-domain frequency differencing produce
substantially different results. Data-domain frequency differencing appears to reconstruct a low-resolution but
quantitative reconstruction of sound speed, reminiscent of ray tomography. On the other hand model-domain
frequency differencing appears to reconstruct high-resolution features of the image while struggling to converge to
exact quantitative values at all points in the image. This points out at least a few pros and cons of model-domain
and data-domain frequency differencing.
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Figure 2. Demonstration of Frequency Differencing in Phantom Experiments. When FWI is started at 0.3 MHz from a
homogeneous starting model, the phantom and all inclusion are clearly visualized without any cycle skipping. However,
when the starting frequency is increased to 0.75 MHz, the reconstructed image is contaminated by cycle skipping. When
either data-domain or model-domain frequency differencing is used as a starting model for FWI, FWI can now overcome
cycle skipping at a starting frequency of 0.75 MHz. It is also interesting to note that model-domain frequency differencing
substantially reconstructs the entire phantom prior to applying FWI.

The goal of data-domain frequency-differencing is to synthesize low-frequency information that is not present
in the data. The process described by equation (20) introduces systematic error because it cannot accurately
reproduce true content at this frequency. Therefore, this systematic error limits the imaging resolution of data-
domain differencing in the same way that the inaccuracy of time-of-flight picks limits the resolution of ray
tomography.14,15 However, we generally reconstruct large-scale features accurately.

The goal of model-domain frequency differencing is to take two existing frequencies in the data, which
would be subject to cycle skipping if FWI were applied to each frequency in isolation, and model their ratio
to overcome cycle skipping. Although it may appear that accurately modeling this ratio would lead to a more
accurate inversion while overcoming cycle skipping, the results shown in Figure 1 would indicate that this model
may be poorly conditioned for inversion, especially in low signal-to-noise-ratio (SNR) conditions. One potential
reason for this ill-conditioning is alluded by prior work on AWI,6 which stipulates that AWI is a fundamentally
finite-bandwidth concept that is unlikely to work on sparse-frequency data. It may be that more than a single
ratio of two frequencies is necessary to overcome the issue of ill-conditioning. This raises the question of how
many frequencies would need to be modeled without substantially increasing computational cost.

Figure 2 demonstrates both data-domain and model-domain frequency differencing in a phantom experiment
and their impact on FWI as starting models. If FWI is started at 0.3 MHz, we can accurately reconstruct the
phantom from a homogeneous starting model. However, FWI fails to reconstruct the phantom without cycle
skipping when starting from 0.75 MHz when starting from the same homogeneous model. Both data-domain and
model-domain frequency differencing provide sufficiently accurate starting models for FWI to overcome cycle
skipping when starting from 0.75 MHz. It is also interesting to see that model-domain frequency differencing
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substantially reconstructs the entire phantom prior the application of FWI, which only introduces minor changes.
Despite the concerns of low SNR in experiments, it may be that the ill-conditioning of the frequency-differencing
model is not a signficant factor in this result because of the simplicity and low contrast of the phantom. Future
work should examine these techniques in a variety of experimental conditions.

6. CONCLUSIONS

This work demonstrates both a model-domain and a data-domain frequency-differencing method to overcome
cycle skipping when using FWI on data collected at high frequencies. These differencing methods essentially
produce a difference frequency that is low enough to overcome the cycle skipping artifacts encountered dur-
ing waveform inversion. Numerical and phantom experiments show that each frequency differencing method
overcomes the cycle skipping encountered in FWI when using the same frequency content.
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