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Phase aberration is one of the major sources of image degradation in medical ultrasound imaging. One of the
earliest and simplest techniques to correct for phase aberration involves nearest-neighbor cross correlation to
estimate delays between neighboring receive channels and the compensation of aberration delays in a delay-
and-sum beamformer. The main challenge is that neighboring receive channels may not have sufficient signal
correlation to accurately estimate the aberration delays. Although algorithms such as the translating transmit
aperture or the common midpoint gather are designed to perfectly maximize signal correlations between
received signals, these algorithms require the use of different transmit apertures for each received signal.
Instead, this work proposes the use of a single globally-applicable transmit apodization function that optimizes
the lag-one coherence based on the van Cittert-Zernike theorem. For the application to phase aberration
correction, it is shown across 20 different zero-mean Gaussian-random aberrators that the proposed optimal

apodization function reduces the estimation error in the aberration delay profile from 22.85% to 15.72%.

1. Introduction

Phase aberration remains one of the key sources of image degrada-
tion in medical ultrasound imaging alongside reverberation and off-axis
clutter [1]. Aberration is the result of spatial variations in the speed
of sound that cause a delaying and advancing of the wavefront to
produce a misalignment of signals across the aperture. The simplest
model used to correct for phase aberration is the near-field phase
screen [2-4]. Under this model, all phase aberration is assumed to
take place on a thin film at the transducer surface, and a single set of
element-wise delays will compensate for this thin film at all points in
the ultrasound image (i.e., an infinite isoplanatic patch). However, in
most in vivo imaging cases, any set of compensating delays will have a
finite isoplanatic patch, which is roughly defined as the imaging region
over which that set of compensating delays will correct for aberrations
in the ultrasound image. In practice, the isoplanatic patch depends
on the sound speed distribution in tissue. This results in a patch-wise
correction approach [5,6].

One of earliest and simplest methods to estimate aberration delays
from received ultrasound signals was nearest-neighbor cross corre-
lation [2,4]. However, the main difficulty associated with nearest-
neighbor cross correlation is the lack of signal correlation to optimally
estimate aberration delays. One of the approaches that overcomes
this limitation is the common midpoint gather [3,7,8], in which all
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single-element transmit-and-receive channel pairs that share a common
midpoint have a correlation very close to 1, regardless of the scattering
distribution. However, because this approach requires both a changing
transmit and receive aperture, it becomes necessary to model the aber-
ration between any two measurements as being the sum of aberrations
accumulated on both transmission and reception. This results in a
large number of cross-correlation measurements in an over-determined
system of equations to solve for a single set aberration delays [7].
This two-way modeling of phase aberration also increases the com-
plexity of ray tomography for sound speed estimation in pulse-echo
ultrasound [9].

For these reasons, most of the aberration correction literature relies
on a one-way modeling of aberration delay [4]. Nearest neighbor cross
correlation fell out of favor because of the low signal-to-noise ratio
(SNR) on individual receive channels and the accumulation of error
when integrating over differential measurements. For this reason, the
beamsum method [10] became a popular choice: by comparing indi-
vidual receive channels to the beamsum, the SNR of the measurement
improved and it was no longer necessary to integrate over differential
measurements.

However, the context has since changed. Improvements in acqui-
sition hardware and transducer design have improved the SNR over
individual receive channels. Various transmit encoding schemes and
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Fig. 1. Comparison of Lag-One Optimal and Rectangular Apodizations. (a) Measured vs. theoretical signal coherence as functions of lag (or element offset) for a rectangular
apodization. (b) Lag-one optimal apodization based on Algorithm 1. (c¢) Measured vs. theoretical signal coherence functions for the lag-one optimal apodization. (d) Example
estimate of aberration delays using each apodization. (e) These signals vs. time were correlated between nearest-neighbor receive-element pairs to estimate the aberration delay.

The estimated aberration delay profile was plotted over the signal traces.

synthetic aperture reconstruction techniques [11-14] have also been
shown to further improve SNR. The advent of the software beamformer
enables several other filtering techniques [15-17] to remove the impact
of incoherent noise and reverberation clutter from received channel
data.

In this context where SNR is no longer the limiting factor, we recon-
sider approaches that rely on correlations between individual receive
channels. We reconsider nearest neighbor cross-correlation because the
van-Cittert Zernike (VCZ) theorem [18] predicts the highest correlation
between neighboring receive elements (p = % for an N-element trans-
ducer with rectangular transmit apodization). The correlation between
neighboring receive elements is also the most robust to cycle skipping,
especially in comparison to the beamsum method where larger delays
would be measured between each receive channel and the beamsum.
According to the VCZ theorem, the correlation between each receive
channel and the beamsum would range from 0.5 to 0.75 from the
edges to the center of the receive aperture; this is much lower than the
correlation between neighboring receive channels. Additionally, sound
speed estimation [9] requires modeling the differential delay between
individual receive channels in terms of the sound speed profile in tissue.

Regardless, the issue remains that the accumulation of differential
measurements from nearest neighbor cross correlation would continue
to accrue errors. The correlation between neighboring receive ele-
ments compounded over the receive aperture for a rectangular transmit
apodization would be pN-! % M ~ % ~ 0.37, which is
considerably lower than the 0.5-0.75 seen with the beamsum method.
This short communication aims to introduce a method to find the
optimal transmit apodization that maximizes the correlation p between
neighboring receive channels, bringing »™~! much closer to 1.

2. Theory

The framework used to derive the optimal transmit apodization for
nearest-neighbor cross correlation is based on the maximization of lag-
one coherence (LOC), which already has several applications related
to image quality assessment and the suppression of incoherent rever-
beration [19]. For a single transmit aperture, the VCZ theorem [18] in
pulse-echo ultrasound imaging predicts that the correlation of received
signals is given by the autocorrelation of the transmit apodization
function.

We define the lag-one optimal apodization as the transmit apodiza-
tion that maximizes the correlation between echoes measured from
neighboring receive elements on the array. According to the VCZ
theorem [18], the correlation between neighboring receive channels is
the lag-one autocorrelation of the transmit apodization. Given a vector
of apodization weights i = [wy, ..., wy]" for an N-element transducer,
its autocorrelation p,, at lag n is

—T >
Py =W A0,

where A, is a matrix where the nth diagonal is all ones and remaining
entries of the matrix are zero (e.g., A, is the identity matrix, A; only
has ones on the first superdiagonal, and A_; only has ones on the first
subdiagonal):

1 0 0 [0 1 0|
0 1 0 0
A0: 0 5 A]— 1 s
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Note that p, = p_,. The optimal apodization should minimize
po — p; Subject to the constraint that ||| = 1. However to ensure the
symmetric positive definiteness of this optimization problem, 2p,—p, —
p_; is minimized instead:

minimize  2py — p; — p_; = 0! 2Ay — A} — A_))iD,
X

; ST = _ 2 _
subject to  w w—an— 1.

where 24, — A — A_; is simply a tri-diagonal Toeplitz matrix with
diagonals [-1,2,-1]:

2 -1 0
240- A1~ Ay = - 2 1
0 -1 2

The constraint on this optimization problem makes it non-convex,
so sequential convex programming is used to relax the constraint to
nl prev 18 the solution for & from the previous iteration

wprwﬁ) = 1, where
of the same problem after normalizing 0 to a length of 1:

minimize  2py — p; — p_; = 0! (2Ag — A} — A_))iD,
X

T

subject to W00 = 1.

The complete algorithm is shown in Algorithm 1. In the presence of
an aberrator with known phase aberrations ¢, over each element,
the optimal apodization would be complex-valued: w,e™/%: where the
magnitude w, is the same as the apodization obtained from Algorithm
1, and the phase —¢, would compensate for the aberration over the
transmit aperture. However, in practice the phase aberrations ¢, over
each element are not known a-priori. We assume that the aberra-
tion is zero mean such that Algorithm 1 would maximize the lag-one
coherence over a large ensemble of random aberrators and speckle
realizations. Although this leads to a submaximal lag-one coherence
over individual aberrator realizations, the lag-one coherence remains
maximal over the ensemble.

Algorithm 1 Iterative Algorithm for Obtaining the Lag-One Optimal
Transmit Apodization

1: Random Initialization for 0,

2: while ||| || — 1] > ¢ and |%=%=L| > ¢ do
k

3 Wy, < Wy /||l

o - -1 =
4 Wit | _ ZAO_i‘}_A’l Wy, 0

Aksl w, 0 1
5: k—k+1

6: end while
7: return w,

Algorithm 1 can also be generalized such that 24, — 4, — A_,
is replaced by 2N, A, + Z'I:J:ng A, + A_, to create an apodization
that is optimal up to lag N,,,; < N. Note that as N,,,, approaches
N, the optimal apodization will reduce to the rectangular apodiza-
tion function, so the main benefit of this scheme will only be for
short lags (i.e., Nj,,; < N). This short communication mainly con-
siders Nj,,, = | to maximize the lag-one coherence and optimize
nearest-neighbor cross-correlation for aberration delay measurements.
The following MATLAB code provides the implementation for the trans-
mit apodization that is optimal up to lag N,,,: https://github.com/
rehmanalil994/IMPACT/blob/main/MATLAB/functions/optApod.m.

3. Methods

Field II [20,21] was used to simulate diffuse scattering in a 3D
volume ranging from the plane of the transducer to 40 mm depth from
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Fig. 2. Apodizations Optimal Up to N, and Resulting Spatial Coherence Functions.
(@) As N,, increases from 1 to N — 1, the optimal apodization approaches the
rectangular apodization. (b) The resulting spatial coherence function approaches the
triangle function.

a multistatic synthetic aperture acquisition on a 128-element linear-
array transducer with 0.2 mm pitch. However, spatial coherence and
aberration delays were evaluated at 20 mm depth. The transmit pulse
had a center frequency of 5 MHz and a 70% fractional bandwidth.
The purpose of this initial simulation was to demonstrate agreement
between the predicted and actual spatial coherence (functions of lag
or element offset) when using either a rectangular apodization or the
lag-one optimal apodization.

An additional 20 Field II simulations were used to simulate diffuse
scattering the presence of a near-field phase screen. The purpose of
these simulations were to quickly demonstrate the impact of the lag-one
optimal apodization on the estimation of aberration delays. Aberra-
tion delays were estimated using nearest-neighbor cross-correlation [2,
4]. Each Field II simulation was used to simulate a different 50 ns
root-mean-square (RMS) Gaussian-random aberrator with a correla-
tion length of 4 mm in a 1540 m/s medium. The accuracy of the
estimated aberration delay profile was assessed using RMS error. A
normalized RMS error was obtained by using the RMS strength of the
true aberration delay profile as the normalization factor.

4. Results and discussion

Fig. 1 compares the lag-one optimal apodization scheme to the
application of a conventional rectangular apodization for nearest-
neighbor cross-correlation measurements over a 128-element trans-
ducer (N = 128). Fig. 1(a) shows the measured spatial coherence as
a function of lag (or element offset) compared to the result predicted
by VCZ theorem for a rectangular transmit apodization. Fig. 1(b) shows
the lag-one optimal apodization, and Fig. 1(c) compares the measured
spatial coherence to the VCZ theorem prediction for the lag-one optimal
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Fig. 3. Impact of (a) the rectangular apodization and (b) the LOC-optimal apodization on the correlation of received signals for a speckle generating phantom aberrated by a
near-field phase screen. The LOC-optimal apodization improves the smoothness of received signals across the aperture. In this example, the root-mean-square (RMS) error in the
aberration delay measurement is 17.1844 ns in (a) and 10.7908 in (b). The LOC-optimal apodization improves the accuracy of the aberration delay measurement.

apodization. In both the rectangular and lag-one optimal apodization
cases, any discrepancy between the measured and predicted spatial
coherence function is the result of applying the VCZ theorem to echoes
that originated in the near field since the VCZ theorem was developed
using far-field approximations. Regardless of these differences, the lag-
one optimal apodization raises the spatial coherence over the short lags
at the expense of coherence at very large lags. Fig. 2 shows the optimal
apodization and the resulting theoretical spatial coherence function
when Ny, > 1.

For the application to aberration delay estimation, the lag-one
optimal apodization reduces the error in the aberration delay measure-
ment (Fig. 1(d)). Averaged across the 20 different zero-mean Gaussian
random aberrators, the rectangular apodization resulted in 11.427 ns
RMS error (22.85% normalized RMS error) in the aberration delay
measurement while the lag-one optimal apodization only has 7.862 ns
RMS error (15.72% RMS error) in the aberration delay measurement.
The correlation structure of the received signals shown in Fig. 1(e)
were impacted by the choice of transmit apodization. Fig. 3 shows that
the optimal apodization results in a smoothening of received signals
across the aperture. In the presence of aberration, the lag-one coherence
is 0.9789 + 0.0053 with rectangular apodization and 0.9855 + 0.0069
with the optimal apodization across the 20 aberrators. A paired t-test
at 1% significance level confirms a systematic increase in the lag-one
coherence as result of the optimal apodization. These results show the
utility of the lag-one optimal apodization for estimation of aberration
delays.

This communication demonstrates that the lag-one optimal apodiza-
tion increases the short-lag spatial coherence of backscattered echoes
and increases the accuracy of aberration delay estimation. The lag-
one optimal apodization obtained in this work is very similar to the
Riesz apodization used in [22] and similar increases in the short-lag
spatial coherence are observed. Other apodizations with a similar shape
should provide similar improvements in the short-lag spatial coherence
and the accuracy of the aberration delay estimates. However, rather
than heuristically determining an apodization that increases the LOC,
this work derives the lag-one optimal apodization via an optimization
problem. For N = 128, the optimal apodization achieves a lag-one
coherence of p = 0.9997, and when compounded over the aperture, the
result is much closer to 1 (pV~! = 0.963).

Robust and accurate estimation of aberration delays not only en-
ables phase aberration correction but also enables sound speed es-
timation via a one-way model of measured aberration delays. The
main reason that common mid-angle processing was introduced to

sound speed estimation in [9] was to overcome the lack of correlation
between signals imaged at different angles of insonification. However,
the common mid-angle approach also increased the complexity of ray
tomography by requiring a two-way transmit-and-receive model of
aberration delays. Additional pre-processing steps such as fan filters
also became a requirement for the aberration delay measurement.

5. Conclusions

This short communication demonstrates a transmit apodization
scheme that maximizes the lag-one coherence based on the van Cittert—
Zernike theorem. This optimal apodization is shown to increase the
spatial coherence of received echoes over the short lags and improves
the accuracy of aberration delay measurements using nearest-neighbor
cross correlations. Future work will involve the use of synthetic aper-
ture transmit focusing with the transmit apodization scheme described
in this communication to optimally measure aberration delays from
received signals and reconstruct the speed of sound in tissue using
handheld pulse-echo ultrasound imaging.
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