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Abstract—In pulse-echo ultrasound imaging, there exists a
strong duality between sound speed estimation and aberra-
tion correction. This has led to the development of closed-
loop iterative frameworks that address both estimation and
correction simultaneously. This work revisits previous work
on wave-equation migration velocity analysis (WEMVA) to de-
rive and explain our new closed-loop solution to the problem
based on a waveform inversion-style approach: full-waveform
iterative model-based phase aberration computed tomography
(Full-Waveform IMPACT). Full-Waveform IMPACT reproduces
the same velocity-depth ambiguities that many previous works
have described. However, by approaching the problem using
a waveform inversion-style method, we demonstrate that the
velocity-depth ambiguity is intricately tied to the problem of
cycle skipping and false local minima.

Index Terms—Medical Pulse-Echo Ultrasound Imaging,
Adjoint-State Method, Wave-Equation Migration Velocity Anal-
ysis, Full Waveform Inversion

I. INTRODUCTION

Although spatial variations in sound speed were always
understood to be the cause of phase aberration in medical
pulse-echo ultrasound imaging, the modeling and correction
of aberration remained limited to phase screen models [1],
[2] and time reversal [3] approaches until recent efforts to
directly reconstruct the sound speed profile in tissue from
phase aberrations [4]–[6].

These works motivated a new set of approaches to correct
for aberrations in the image based on knowledge of the sound
speed profile in the tissue [7], [8]. A major limitation identified
in recent works [9] is that the average sound speed or depth-
wise variation in sound speed falls in the null-space of the
aberration delay measurement process. In other words, the
reflection tomography described in prior works [4]–[6] would
not be able to accurately recover a bulk error in sound speed.
Instead, reflection tomography is more likely to estimate a
near-field disturbance that compensates for a bulk error in
sound speed. In the seismic imaging literature, this problem
has been dubbed the velocity-depth ambiguity [10].

Our recent work [11], [12] exploits the duality between
sound speed estimation and phase aberration correction to

solve both problems using a closed-loop approach known
as iterative model-based phase aberration computed tomog-
raphy (IMPACT). While most of the prior literature uses
a single set of observed aberration delays or phase shifts
to reconstruct sound speed, we use an iterative procedure
in which aberrations in the image are used to reconstruct
the sound speed profile, which is in turn used to re-image
the medium, estimate a new set of aberration delays, and
update the sound speed profile in the medium. Despite this
closed-loop approach, IMPACT reproduces the velocity-depth
ambiguity. The IMPACT method has been made open source:
https://github.com/rehmanali1994/IMPACT.

We have also previously investigated a seismic imaging
technique known as wave-equation migration velocity analysis
(WEMVA) [13], [14]. If fully implemented in pulse-echo
ultrasound, WEMVA would offer a diffraction-based closed-
loop solution to the estimation-correction problem. However,
major memory and computational limitations restricted this
prior work to a single point target example. In this work, we
modify the formulation of WEMVA in [14] to consider a ray-
based migration velocity analysis (MVA) that leverages the
strengths of WEMVA while reducing computational cost.

II. THEORY AND METHODS

A. Delay-and-Sum Beamforming Model

We first begin with a multistatic synthetic aperture dataset
p̃mn(t) indexed by single-element transmit m and receiver n
as a function of time t. For an N -element array, let τlk refer to
the time delay from element l to an image point x⃗im

k . As per
Figure 1, we can focus the full matrix of transmit and receive
signals at each image point x⃗im

k by applying focusing delays:

pmn(x⃗
im
k ; s⃗) = p̃mn(τmk(s⃗) + τnk(s⃗)) (1)

The result can then be summed over the receivers to obtain
complex-valued images for each single-element transmit:

Im(x⃗im
k ; s⃗) =

N∑
n=1

pmn(x⃗
im
k ; s⃗). (2)
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Fig. 1. Schematic for the time-of-flight of the ultrasound wave from
transmitter m at (xel

m, 0) to image point x⃗im
k back to receiver n at (xel

n , 0).
The time of flight is the line integral of slowness over the path

The objective function for the least-squares formulation of
WEMVA [13], [14] would be

J(s⃗) =
1

2

∑
k

N−1∑
m=1

∣∣Rm(x⃗im
k ; s⃗)

∣∣2 , (3)

where Rm(x⃗im
k ; s⃗) = Im+1(x⃗

im
k ; s⃗) − Im(x⃗im

k ; s⃗) are the
differences between images from adjacent transmitters.

B. Gradient with Respect to Slowness

The gradient of the objective function with respect to
slowness is:

∂J

∂s⃗
= Re

{∑
k

N−1∑
m=1

(
∂Rm(x⃗im

k )

∂s⃗

)H

Rm(x⃗im
k )

}
, (4)

where ∂Rm(x⃗im
k )

∂s⃗ =
∂Im+1(x⃗

im
k )

∂s⃗ − ∂Im(x⃗im
k )

∂s⃗ , and (·)H is the
Hermitian (or conjugate) transpose.

However, this also requires a way to compute ∂Im(x⃗im
k )

∂s⃗ . As
in past work [8], the time-of-flight τlk would be defined as the
line integral of slowness (vectorized as s⃗) over the path from
element l to image point x⃗im

k . Therefore, we take the gradient
of the delay-and-sum process as follows:

∂Im(x⃗im
k )

∂s⃗
=

N∑
n=1

∂pmn(x⃗
im
k )

∂s⃗

=

N∑
n=1

[
∂pmn

∂t
(τmk + τnk)

](
∂τmk

∂s⃗
+

∂τnk
∂s⃗

)
,

(5)

where
[
∂pmn

∂t (τmk + τnk)
]

is the application of focusing de-
lays to the time-derivative of the multistatic channel data,
and ∂τlk

∂s⃗ is the matrix of path lengths over each pixel of the
slowness map from element l to image point x⃗im

k .
Note that ∂τmk

∂s⃗ and ∂τnk

∂s⃗ correspond to transmit and
receive paths, respectively. The aberration delay model in
IMPACT essentially says that each single-element transmit
image involves the same receive paths back to the transducer;
therefore, any aberration delays between images Im(x⃗im

k ; s⃗)
and Im+1(x⃗

im
k ; s⃗) should be due to the difference in the

transmit paths back to the transducer because the receive paths

should cancel. However, when computing Rm(x⃗im
k ; s⃗), the

receive paths do not cancel. There are nonzero contributions
of

[
∂pm+1,n

∂t (τm+1,k + τnk)− ∂pmn

∂t (τmk + τnk)
]

along the

receive path lengths ∂τnk

∂s⃗ . This demonstrates the engagement
of both transmit and receive paths in the tomography problem
defined by the objective function (3).

C. Grouping Terms by Ray Path

For m = 1, ..., N − 1 and n = 1, ..., N , we define the
following auxiliary variables umn(x⃗

im
k ) and vmn(x⃗

im
k ):

um+1,n(x⃗
im
k ) =

[
∂p∗m+1,n(x⃗

im
k )

∂t

]
Rm(x⃗im

k ; s⃗), (6)

vmn(x⃗
im
k ) =

[
∂p∗mn(x⃗

im
k )

∂t

]
Rm(x⃗im

k ; s⃗), (7)

where the ∗ in the superscripts refers to complex conjugation.
We can then find the single value bl(x⃗

im
k ) to backproject along

the path from each image point x⃗im
k to each element l:

bl(x⃗
im
k ) =



Re

{
−

N∑
n=1

v1,n(x⃗
im
k )+

N∑
m=2

um,1(x⃗
im
k )−

N−1∑
m=1

vm,1(x⃗
im
k )

}
,

l = 1

Re

{
N∑

n=1

uN,n(x⃗
im
k )+

N∑
m=2

um,N (x⃗im
k )−

N−1∑
m=1

vm,N (x⃗im
k )

}
,

l = N

Re

{
N∑

n=1

(
uln(x⃗

im
k )− vln(x⃗

im
k )

)
+

N∑
m=2

uml(x⃗
im
k )−

N−1∑
m=1

vml(x⃗
im
k )

}
.

otherwise

(8)
The gradient in equation (4) can then be computed as

∂J

∂s⃗
= Re

{∑
k

N∑
l=1

bl(x⃗
im
k )

(
∂τlk
∂s⃗

)T
}
. (9)

The form of equation (9) shows that the gradient of the
objective function can be computed by backprojecting bl(x⃗

im
k ).

Any adjoint-state method can be used to achieve this. This
means that path-length matrices do not actually have to be
computed or stored. Additionally, the computation of bl(x⃗im

k )
is practically the same as in WEMVA [14], so rather than back-
projecting along a ray, WEMVA would backproject bl(x⃗

im
k )

along ”wave-paths” from the transducer to the image point.
The common mid-angle (CMA) concept [6] is another way

to probe both transmit and receive paths to an image point.
The Full-Waveform IMPACT framework could be applied to
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Fig. 2. Full-Waveform IMPACT in two different simulated abdominal imaging cases (a) and (b). In each case, we show the B-mode images before aberration
correction, after the ideal correction using the true sound speed profile, and the full-waveform IMPACT corrections with (α = 0.999) and without (α = 0.0)
layered medium regularization on the sound speed reconstruction. The corresponding sound speed reconstructions with and without regularization are shown
alongside the true sound speed image in each case.

differences between images sharing a CMA, which would
only modify the calculation of bl(x⃗

im
k ) in the backprojection

formula (9).

D. Regularization

Similar to our past work on IMPACT [11], we include a
layered medium regularization. However, here that layered
medium regularization is achieved by modifying the gradient:(

∂J

∂s⃗

)
used

= α

(
∂J

∂s⃗

)
layer

+ (1− α)

(
∂J

∂s⃗

)
orig

, (10)

where
(
∂J
∂s⃗

)
orig refers to the original gradient calculation

resulting from equation (9),
(
∂J
∂s⃗

)
layer is the result of layer-

wise averaging the gradient values at each imaging depth, and(
∂J
∂s⃗

)
used is the final gradient calculation used in the conjugate

gradient algorithm described in the next section. We consider
α = 0.0 (no layered medium prior) and α = 0.999 (strongly
layered medium assumption).

E. Conjugate Gradient Algorithm

The same conjugate gradient algorithm described in the
prior WEMVA work [14] is now being used in this ray-
based approach, which we call full-waveform iterative model-
based phase aberration computed tomography (Full-Waveform
IMPACT). A total of 100 iterations of the conjugate gradient
method are used. However, rather than keep the step size
scaling parameter γ smaller than 1, we purposely increase its
value to accelerate convergence in a manner that is dependent
on the strength of the layered medium assumption α:

γ = 2 (1− log(1− α)) . (11)

F. Experimental Methods

The two k-Wave simulations [15] used in Figure 5 of [11]
were used to test Full-Waveform IMPACT. These particular
simulated datasets have already been made publicly available:
https://github.com/rehmanali1994/IMPACT.
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III. RESULTS AND DISCUSSION

Figure 2 shows the result of Full-Waveform IMPACT in
each of two different k-Wave simulations. Regularization has
a significant impact on the axially-varying component of the
sound speed reconstruction. Although, the resulting impact
of this regularization on B-mode image quality is minor, the
depth placement of imaging targets are significantly affected.

Without regularization (α = 0.0), Full-Waveform IMPACT
does not change the depth placement of image targets. On
the other hand, a layered-medium regularization (α = 0.999)
requires Full-Waveform IMPACT to change the depth place-
ment of the image target. However, the objective function (3)
is inherently resistant to those depth changes because of a
cycle-skipping effect. In other words, if the gradient image
primarily requires image targets to change their depth, the
linearized change in the residuals Rm(x⃗im

k ; s⃗) becomes large,
resulting in an overly conservative (or small) step size during
the conjugate gradient algorithm. The formula in (11) was
designed to counteract this effect.

This resistance to depth changes in the imaging target
ultimately points back to the overarching issue of cycle-
skipping as the source of non-convexity in (3). However,
it is not the cycle skipping between images Im(x⃗im

k ; s⃗)
and Im+1(x⃗

im
k ; s⃗) that is problematic: aberrations between

Im(x⃗im
k ; s⃗) and Im+1(x⃗

im
k ; s⃗) are often much smaller than

a half cycle. Instead, imaging targets are themselves cycle-
skipped relative to their true positions in the image. Therefore,
the velocity-depth ambiguity is linked to the problem of cycle
skipping in pulse-echo ultrasound, which ultimately explains
the false local minima in the estimation-correction problem.

There may be ways to overcome these false local minima
during Full-Waveform IMPACT. In seismic imaging literature,
one strategy to overcome cycle skipping is adaptive waveform
inversion [16]. Additionally, there are several alternative ob-
jective functions for WEMVA [13] that could be utilized for
the inversion. Recent work uses an automatic differentiation
software called JAX to solve the estimation-correction problem
[17]. While JAX offers the most generality when evaluating
a variety of difficult-to-differentiate objective functions, the
memory cost of retaining the full image reconstruction pipeline
may become too large. In these cases, it would be better to
rely on adjoint-state methods with much a simpler objective
function such as the one presented here.

IV. CONCLUSIONS AND FUTURE WORK

We demonstrate a ray-based alternative to WEMVA that
we label as Full-Waveform IMPACT. In each of two k-
Wave simulations, Full-Waveform IMPACT shows that the
choice of regularization impacts the estimated sound speed
and aberration correction by virtue of the non-convexity of
the problem. This non-convexity of this problem comes in
the form of cycle skipping, which appears to play a role in
the velocity-depth ambiguity. By linking the velocity-depth
ambiguity to cycle skipping, our future work will be motivated
by solutions to the cycle-skipping problem that simultaneously
address the velocity-depth ambiguity.
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