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Abstract—In seismic imaging, common midpoint (CMP) gath-
ers are collections of time-series data organized by source-
receiver pairs having a common midpoint. CMP gathers have
been used in geophysics to image the subsurface of the Earth
and estimate wave velocity as a function of depth. According
to the Van Cittert-Zernike (VCZ) theorem, if the signals from
a CMP gather are focused using an ideal set of delays based
on the true speed of sound in the medium, there should be a
perfect correlation between any two signals in the CMP gather
in the absence of noise. In ultrasound imaging, Walker et al.
have applied this concept to translating transmit and receive
apertures. The goal of this work is to apply CMP gathers to
pulse-echo ultrasound imaging in order to improve coherence-
based sound speed estimation in layered media.

Index Terms—Shot-Gather Migration, Medical Ultrasound
Imaging, Adjoint-Based Method

I. INTRODUCTION AND BACKGROUND

Sound speed estimation in medical pulse-echo ultrasound
imaging is growing area of research. Many advancements have
been made in obtaining accurate estimates of the speed of
sound in the medium. Currently, there are two broad classes of
sound speed estimators applied in medical ultrasound imaging.
The first set of methods reconstruct the speed of sound
in a medium by accounting for differential times of flight
between different ray paths [1], [2]. These differential times
of flight enable tomographic reconstruction of the speed of
sound in the medium. The tomographic method is primarily
used to detect cancerous cysts due to their high speed of
sound compared the rest of the medium. Another group of
techniques assumes that the speed of sound in the medium
only varies axially and applies layered medium models during
sound speed reconstruction [3]–[5]. These layered medium-
based approaches tend to yield highly-accurate sound speed
estimates in media where sound speed changes with the
layers of tissue being imaged. In particular, these sound speed
estimators are primarily applied to liver imaging in order to
estimate liver fat-fraction based on the sound speed in the liver.

Wave-velocity estimation in seismic imaging has followed a
similar trajectory [6], [7]. The first velocity analysis techniques
in seismic imaging assumed that wave velocity primarily
varies with imaging depth but not laterally. This assumption
was often appropriate because the Earth’s subsurface can be
understood as layers of rock with different wave velocities that
generally increase with depth due to the compaction of each
layer. However, there are many exceptions to this such as salt
bodies, which can lead to large lateral changes in wave veloc-
ity. This problem has motivated tomographic techniques based
on ray-tracing methods and waveform inversion techniques for
estimating wave velocities in the medium.

Seismic and ultrasound imaging have tackled wave-velocity
estimation in layered media using similar methods. Both ap-
proaches estimate an effective focusing velocity as a function
of depth, and both approaches estimate the wave-velocity in
each individual layer in the medium as a function of depth
[8]. However, one key difference between the two sets of
approaches is that the seismic imaging approach processes
collected recordings using common-midpoint (CMP) gathers.
A CMP gather collects all source-receiver pairs having a
common midpoint, and applies focusing delays to each source-
receiver pair having a common midpoint. The distance be-
tween the source and receiver is the offset. The signals in a
common midpoint gather are typically plotted as a function of
the half-offset and the zero-offset time, which corresponds to
the imaging depth. The first stage of velocity analysis estimates
the effective focusing velocity, or stacking velocity, at each
depth by finding the focusing velocities that optimally align
the signals at each depth, much like in ultrasound. However,
the ultrasound-equivalent wave-velocity estimator acts in the
imaging domain rather than the time-depth used in seismic
imaging, and the ultrasound images are produced by using
all sources and receivers available rather than first applying a
CMP gather.

Although CMP gathers have not previously been applied
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Fig. 1. Imaging Geometry for Common Midpoint Gathers. The half-offset
between transmit and receive beam origins is x and speed of sound in the
medium is c. The time it takes for sound from the transmit beam origin to
be reach the reflection point and return to the receive origin is t(x).

to sound speed estimation based on layered medium models,
the idea behind the CMP gather has been used to estimate
phase aberration. The ultrasound-equivalent to CMP gathers
is known as the translating-transmit apertures (TTA) algo-
rithm [9]–[11]. However, unlike the CMP gather of seismic
imaging, which use point sources and receivers, the TTA
algorithm uses an entire transmit and receive aperture. In
the TTA algorithm, the transmit aperture is translated across
the aperture as the corresponding receive aperture moves
in the opposite direction, effectively maintaining a common
midpoint. The main motivation behind this arrangement is
that the point spread function (PSF) induced by each pair of
transmit and receiver apertures, having a common midpoint,
remains roughly constant as the apertures translates. Because
the PSF remains roughly constant, the correlation between
images produced by each pair of transmit and receive apertures
should be very close to 1. This property of the PSF is then used
to accurately estimate aberration delays on an element-wise
basis. In this work, we exploit the same property of the PSF
in TTA algorithm in order to estimate sound speed in layered
media using the CMP-based model from seismic imaging.

II. THEORY

A. Sound Speed Estimation in a CMP Gather

Figure 1 illustrates the geometry for a CMP gather with a
transmit and a receive beam origin. Denote t(x) as the travel
time, required for sound from the transmit beam origin to reach
the reflection point and return to the receive beam origin, as a
function of the half-offset x between the transmit and receive

beam origins. In terms of the zero-offset time τ = t(0) and
sound speed c in the medium, the travel time t(x) as a function
of half-offset x is

t2(x) = τ2 +
4x2

c2
(1)

The effective focusing sound speed ceff (τ) is determined as
a function of τ by finding the sound speed c that maximizes
the coherence factor (CF) [12] at each τ . Since τ is the zero-
offset time, it effectively serves as measure of imaging depth.
In the end, we have travel times as a function of τ and x:

t2(x) = τ2 +
4x2

c2eff (τ)
(2)

B. Kinematics of Wave-Velocity Estimation

Now we create new variables tH(x) = t(x)/2 and τH =
τ/2 which denote the one-way travel times from either beam
origin to the reflection point. These one-way times obey the
equation

t2H(x) = τ2H +
x2

c2eff (τH)
(3)

We differentiate this travel-time equation with respect to x in
order to obtain

2tH
dtH
dx

=
2x

c2eff (τH)
, (4)

which can be rearranged to obtain ceff (τH) as

ceff (τH) =

√
x/tH
dtH/dx

. (5)

Recall that in a layered medium, Snell’s law states that at
an interface between two media with different sound speeds
c1 and c2, the angles of the rays θ1 and θ2 must obey the
equation

p =
dtH
dx

=
sin θ1
c1

=
sin θ2
c2

, (6)

where p is the conserved quantity known as the Snell pa-
rameter, which is also the lateral component of the slowness
(reciprocal of sound speed) for this ray. The Snell parameter
allows us to revise equation (5) as

ceff (τH) =

√
x

ptH
. (7)

Now we consider sound that travels on a particular path in a
layered medium. Denote x(p, tH) as the x-coordinate and and
θ(p, tH) as the angle of a ray of sound with Snell parameter
p as a function of time tH :

x(p, tH) =

∫ tH

0

c(p, tH) sin θ(p, tH)dtH , (8)

x(p, tH) = p

∫ tH

0

c2(p, tH)dtH , (9)

where c(p, tH) is the sound speed encountered along the ray
path for Snell parameter p at time tH . If we insert equation (9)
into equation (7), we obtain a new equation for the effective
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focusing sound speed ceff as a function of the true sound
speed c in the medium.

ceff (τH) =

√
1

tH

∫ tH

0

c2(p, tH)dtH . (10)

To further simplify this equation, we consider the zero-offset
path so that tH = τH and p = 0 since the angle θ = 0. Since
c only varies as a function of depth in a layered medium, c
can be understood to be be a function of τH , which increases
monotonically with depth, so that

ceff (τH) =

√
1

τH

∫ τH

0

c2(τH)dτH , (11)

which is equivalent to

ceff (τ) =

√
1

τ

∫ τ

0

c2(τ)dτ. (12)

In seismic imaging, this effective focusing velocity is also
known as root-mean-square (RMS) velocity because it repre-
sents the root-mean square of the true velocity in the medium
as a function of the zero-offset time. Because refraction was
taken into account during the derivation, this RMS velocity
also takes into account any refraction due to the velocity
changes in a layered medium.

C. Dix Inversion

Since ceff (τ) is measured by CF maximization, the goal of
this section is to invert the formula given in equation (12) to
obtain c(τ). This inversion formula is known as Dix inversion
[8], whose differential form is given here:

c(τ) =

√
d

dτ

(
τc2eff (τ)

)
. (13)

III. METHODS

A. Simulations

Field II [13] was used to simulate the complete multistatic
dataset for diffuse random scattering. The Field II simulation
used a 128-element linear array with 0.154 mm pitch, and
transmit pulse with 8 MHz center frequency and 70% frac-
tional bandwidth. The sound speed in the medium is 1540 m/s
and the sampling frequency of the channel data is 100 MHz.
Another simulation was performed in k-Wave [14] for diffuse
scattering in two-layer media where the sound speed is 1480
m/s over the first 15 mm of depth into the media and 1600 m/s
over the remainder of the medium. All remaining simulation
parameters such as the transducer configuration, and transmit
pulse sequence are identical to the Field II simulation.

B. Phantom Experiment

A 1 cm porcine slab is placed on top of an ATS 549
phantom ( 1460 m/s) to create a medium with two layers
having different sound speeds. Multistatic synthetic aperture
channel data was captured using an L12-3v probe using a
Verasonics Vantage 256 scanner.
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(b) Impact of CMP Gathers on Coherence Factor
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Fig. 2. Impact of CMP gathers on CF as a Focusing Metric for Sound Speed
Estimation. The peak CF value at the true speed of sound in the medium
(1540 m/s) is much closer to 1 as a result of CMP gathering the channel data.

C. Sound Speed Estimation

In each imaging case, an 16-element translating transmit
aperture with a 16-element translating receive aperture were
used to create the signals for a CMP gather. Maximization of
CF was used to determine ceff (τ) as a function of the zero-
offset time τ . The resulting ceff (τ) were smoothed prior to
applying the Dix inversion formula (13) to reduce the impact
of noise in the final estimate of c(τ).

IV. RESULTS AND DISCUSSION

Figure 2 shows CF as a focusing metric for sound speed
estimation when the channel data is conventionally focused
using multistatic synthetic aperture (as in [3]) and after ap-
plying CMP gathers with the TTA algorithm. The peak CF
value becomes much closer to 1 as a result of applying CMP
gathers to the channel data. As shown in previous work [9]–
[11], the main advantage of the TTA algorithm is to bring the
correlation of receive channel data closer to 1 by maintaining
a roughly constant PSF at the intended focus. We demonstrate
the same changes in the CF as a focusing metric for sound
speed estimation

Figure 3 demonstrates the complete sound speed estimation
procedure in simulation for a two-layer medium. The top panel
shows that the effective RMS velocity can be found by taking
the peak of the CF at each depth (converted from zero-offset
time to depth for ease of interpretation). Dix inversion is used
in the bottom panel to obtain local estimates of the speed
of sound as a function of depth. Figure 4 demonstrates the
methodology in phantom experiments.

Despite increasing the peak CF value, there is relatively little
improvement in the sound speed estimates themselves. This
is ultimately because although the PSF is constant between
each pair of transmit and receive apertures, they are all still
equally affected by off-axis scattering in a diffuse scattering
medium. The application of the TTA algorithm also imposes
certain trade-offs on our ability to accurately estimate the
speed of sound. For example, an increase in the size of the
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CF Maximization in a Two-Layer Medium
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Fig. 3. Sound speed estimation in a simulated two-layer medium. The top
panel shows the coherence as a function of depth and focusing sound speed.
The effective RMS velocity follows the peak of the CF as a function of depth.
The bottom panel shows the estimate of the local sound speed in the medium
by Dix inversion.
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Fig. 4. Sound speed estimation in an experimental two-layer phantom. The
estimated speed of sound in the porcine layer and ATS phantom materials are
close to their reported values.

transmit and receive apertures causes a proportional increase in
SNR for the beamformed ultrasound signals and limits off-axis
scattering by tightening the PSF. However, increasing aperture
sizes limits the total half-offset x, which can also reduce the
accuracy of sound speed estimates. For this reason, too small
or too large of a translating aperture also limits the accuracy
of the sound speed estimates.

V. CONCLUSIONS AND FUTURE WORK

In this work, we successfully adapt the concept of common-
midpoint gathers from seismic imaging to medical ultrasound
for sound speed estimation in layered media. We demonstrate
that this approach maximizes the coherence of signals during
the sound speed estimation process, and can be used to
accurately determine the speed of sound as a function of depth
in layered media.
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